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Last time we became acquainted with the idea of an algorithm: a �xed set of clear, unambiguous
instructions that a person or machine can follow step-by-step �without thinking�. We came up with
algorithms for various tasks, such as �nding consecutive bird nests, and telling if a number is prime.

Today we'll be asking questions about the algorithms themselves, and learn about the most
signi�cant result in all mathematics � which, surprisingly, has a simple proof!

Robot Therapy.

We'll start by trying to understand the minds of robots, that is, the algorithms they run. Here
are some questions we might ask: can we tell, just from looking at its program, what the robot is
going to output? Can we tell how many variables it's going to use? Whether it's ever going to shut
down?

This time, our robot Dora is no longer counting birds in a corridor. Rather, she's been out�tted
with a laser scanner that allows her to read inputs presented to her on sheets of paper:

x →

Once she's �nished calculating, Dora prints out the output, if any:

→ y

The input can be any kind of text. Recall that Dora is also able to store and manipulate variables;
if she is storing two numbers as variables x and y, she can calculate x+ y, x× y, xy, etc. If she has
two strings of letters stored in variables u and v, say u = ”hello” and v = ”world”, she can tell
whether u and v are the same string (no), she can join them into a longer string ”helloworld”, she
can tell what the �rst letter of u, and the second, etc. Here is a simple program that Dora can run:

Algorithm 1 (Decide whether the input number is even)

x := input scanned

while(x > 1)

x := x-2

if(x = 0) output �even�

if(x = 1) output �odd�

shut down

She reads the input, outputs whether it is an even or odd number, and shuts down. For instance:

5 → *thinking* → odd

1. Does Algorithm 1 always have Dora shut down at some point, regardless of what number is
given to her?
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2. Last time we saw how to use the basic operations Dora knows � plus, times, whiles and ifs

� to teach her more complicated things, such as how to do division with remainder, and how to
tell if a number is prime. The next algorithm uses those new skills:

Algorithm 2 (???)

x := input scanned

while(x = x)

if(IsPrime(x))

output �found�

shut down

x := x + 1

y := x+5

Can you describe what the algorithm is doing, in one simple English sentence? If Dora is running
Algorithm 2, is she sure to shut down at some point, regardless of the input?

3. As written, Algorithm 2 mentions two variables, x and y. When Dora runs it, is there a point
where she actually has variables x and y stored in her memory?

4. Consider the following small modi�cation of Algorithm 2:

Algorithm 3 (???)

x := input scanned

while(x = x)

if(IsPrime(x) and IsPrime(x+2))

output �found�

shut down

x := x + 1

What is it doing now, in one English sentence? (Hint: it has to do with a bit of math that has
been on the news lately.) Does Algorithm 4 always have Dora to shut down, regardless of the input?

5*. Suppose we taught Dora how to tell if a number is a perfect square, or a perfect cube. (As a
challenge, teach her these things!) Here's another algorithm:

Algorithm 4 (Sandwiched)

x := input scanned

while(x = x)

if(IsASquare(x-1) and IsACube(x+1))

output �found�

shut down

x := x + 1

Explain what the algorithm is doing in one simple English sentence. Does it make Dora shut down
if the input is x = 26? What if the input is x = 5? What about x = 30?
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6*. Suppose I give you a number, x. If it's even, you replace x with x/2; if it's odd, you replace
it with 3x+ 1. You keep doing this until you reach 1. For instance, if I gave you 5 to begin with,
you'd go through the following numbers: 5, 3×5+1 = 16 (since 5 was odd), 16/2 = 8 (since 16 was
even), 4, 2, 1. The famous �3x+ 1 conjecture�, still unsolved, states that, no matter what number
you start with, you always end up with 1 eventually.

Write a program for Dora that takes the number x as input, carries out the process just de-
scribed, and shuts down only when it reaches 1. (You may assume Dora has been taught to tell
even from odd numbers, so you can use functions like IsEven(x) and IsOdd(x).) Do you see that
the unresolved 3x+ 1 conjecture is therefore equivalent to a question about Dora shutting down?

7**. Write a program for Dora that has her shut down if and only if she �nds three positive
integers x, y, z such that x5+ y5 = z5. (Hint: loop over all possible z; for each value of z, test every
x, y < z.) Do you know if Dora will ever shut down? Would anyone have known that 400 years ago?

8**. Program Dora so that she shuts down if and only if Fermat's Last Theorem is false: that is,
if there are four positive integers x, y, z, n, with n ≥ 3, such that xn + yn = zn. (Hint: introduce a
new variable M and for every M = 1, 2, 3, . . . test every x, y, z, n below M .) Do you know if Dora
will ever shut down? Did anyone know that 25 years ago?

Soul-Searching Robots.

As we've seen, Dora is quite powerful when it comes to numbers. She can be programmed
for simple tasks like division with remainder, and for very complex tasks like checking di�cult
mathematical conjectures. Indeed, we have only scratched the surface of Dora's powers: she can
do everything your computer can do. Given the appropriate program and enough time, Dora could
solve the Rubik cube, tell which word appears most frequently in a piece of text, solve any Sudoku
puzzle, �gure out the most e�cient airplane schedules, and much more.

Mathematicians in the 1920s and 1930s were trying to understand the intuitive idea of algorithm:
a �xed set of instructions that do not require independent thought to be followed. Such is Dora's
power that they were led to formulate the Church-Turing thesis (named after Alonzo Church and
Alan Turing): that any task which can be done mechanically, by following a �xed set of instructions
without independent thought, can be done by Dora.

An obvious question then presents itself: is there anything Dora can't do? To answer it, we'll
focus on Dora's powers of introspection: now her inputs will be programs themselves. In other
words, we will feed Dora things like Algorithm 1 on a sheet of paper. Since she can read text and
tell letters apart, Dora can scan the program line by line and:

(1) tell what kind of statement a given line is (while, if, variable attribution, etc);
(2) tell what variables are used in each line;
(3) tell how far a line is indented (one level, two levels, ...);
(4) etc.

In summary, Dora can read programs like you and I, and see their basic features. Here's an example:

Algorithm 5 (Look for variable x)

currentLine := first line of input scanned

while(true)

if(currentLine has an x on it)

output �yes�

shut down

if(currentLine is the last line)

output �no�

shut down

currentLine := next line of input
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If we feed Dora any of Algorithms 1 through 4, she will output �yes� and shut down on the very
�rst line. (Look back at them to make sure you understand why.)

7. Program Dora so that she says whether the input program is free of loops, that is, while state-
ments.

8*. Program Dora so that she tells whether the variable x is ever mentioned inside a while loop.

9*****. Can you program Dora so that she tells whether she would ever actually see the variable
x if she ran the input program? Note that a variable may appear in the text of the input program
but never actually be seen by someone running the program. This is the case with the variable y

in Algorithm 2: if Dora ran it, she would never reach the line where y is introduced.

10*****. Can you program Dora so that she tells whether the input program would ever cause
her to shut down?

Note the crucial di�erence between problems 7,8 versus 9,10: the former are about what the text of

the program says; the latter are about what someone following the program would actually do.

Reprogramming Robots.

11. Write a program for Dora that simply has her shut down. Write a program that never makes
her shut down. Make each one the simplest you can.

12. Suppose you have a program P for Dora in your hands. This program makes her output �yes�
in certain cases and �no� in others. Can you change P into another program P ′ that does the
opposite? That is, P ′ outputs �yes� whenever P outputs �no�, and vice-versa.

13. Can you change P into another program P ′′ so that: (i) P ′′ loops forever whenever P outputs
�yes�; and (ii) P ′′ shuts down whenever P outputs �no�?

14. Suppose you had solved problem 10. That is, suppose you have a program S (for �shutdown�)
that has Dora accurately tell whether input programs eventually shut down. Change it to a pro-
gram S′′ as in problem 13. What happens if you feed S′′ to itself?

15. Is there anything robots can't do?


