
COMBINATORICS ON WORDS 2

MATH CIRCLE (HS1) 1/18/2015

Review of Graph Theory
Below are two directed graphs (A,B). (Note a vertex can have an edge to itself.)
Graph A consists of 3 vertices (0, 1, 2) and 4 edges (a, b, c, d).
Graph B consists of 4 vertices (0, 1, 2, 3) and 5 edges (a, b, c, d, e).
A Eulerian path is a path through ALL of the edges in a graph (using each only once).
a) Find all of the Eulerian paths in graph A and all of the Eulerian paths in graph B.
Try to give an argument as to why this is all of the paths.
Given a graph G, we construct the line graph of G (denoted L(G)) as follows: Every
edge in G becomes a vertex in L(G). If the end of edge a is the start of edge b in G,
then there is an edge from (vertex) a to (vertex) b in L(G).
b) Draw L(A) and L(B).
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Review of Words
Suppose we have an alphabet A (made up of letters). Today, A will be the binary
alphabet (with letters 0, 1) unless specified otherwise.
A word w (in the alphabet A), is simply a sequence of letters. For example, 001, 101,
and 111 are all binary words, and 102 is a ternary word. Note, we’ll allow words of
length 0, denoted by ε.
A word v is a subword of a word w if v is contained in w. For example, ε, 0, 1, 00, 01, 001
are all subwords of 001.
We let pw(n) (called the subword complexity of w denote the number of subwords of w
with length n. For example, if w = 001, we have

pw(0) = 1, pw(1) = 2, pw(2) = 2, pw(3) = 1.

If u, v are two words, then we use the natural notation uv to denote the word u followed
by the word v. For example, if u = 01 and v = 10, then uv = 0110.
Let w be a word. Call u the prefix of w if u is all of w except for the last letter. Similarly,
v is the suffix of w if v is all of w except for the first letter. For example, 0101 has prefix
010 and suffix 101; 1 has prefix and suffix equal to ε.

1) Let u = 0001011100, v = 000100, w = 00011100.
a) Calculate, for n = 0, 1, 2, 3, pu(n).
b) Calculate, for n = 0, 1, 2, 3, pv(n).
c) Calculate, for n = 0, 1, 2, 3, pw(n).
2) The Fibonacci word of order m (denoted by fm) is defined recursively as follows

f0 = 0, f1 = 01, fn = fn−1fn−2.

a) Write out f3, f4, f5.
b) Let w = f5. Calculate pw(n) for n = 0, 1, 2, 3, 4, 5.
c)* Prove by induction that the length of fn is the (n + 2) Fibonacci number (the
Fibonacci numbers are 0, 1, 1, 2, 3, . . .).
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de Bruijn Words
Call a word w a de Bruijn word of order n if pw(n) = 2n. Furthermore, it is called a
minimal de Bruijn word of order n if it is a de Bruijn word and there is no shorter de
Bruijn word.
1) Show that if w is a de Bruijn word of order n then pw(m) = 2m for all m ≤ n.
2) Let Ln be the length of a minimal de Bruijn word of order n. Prove the following
(easy) bounds:

(1) Ln ≤ n · 2n.
(2) Ln ≥ 2n + n− 1

Our aim now is to show that Ln = 2n + n− 1.
3) A de Bruijn graph of order n, denoted Gn is constructed as follows. The vertices of
the graph are all binary words of length n−1. There is an edge from vertex v to vertex
w if the suffix of v is equal to the prefix of w. That is, there is a word u of length n− 1
and letters x, y so that v = xu and w = uy. Label the edge xuy. As examples, the order
2 and order 3 de Bruijn graphs are below.
a) Draw G4.
b) Show that Gn has 2n−1 vertices and 2n edges, and each vertex has 2 edges going in
and going out from it.
4) We can now construct a minimal de Bruijn words of order n as follows:

(1) Construct Gn.
(2) Find an Eulerian path of Gn.
(3) Let w be the word consisting of the starting vertex of the Eulerian path fol-

lowed by the last letter of each edge in the Eulerian path.

a) Use the method above to construct minimal de Bruijn words of order 2, 3, 4.
b) Argue that we actually are constructing minimal de Bruijn words. That is, if we
use Gn to construct a word w using the method above we have: i) the length of w is
2n + n− 1 and ii) pw(n) = 2n.
5) Construct L(G2) and L(G3). What do you notice?
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Sturmian Words
Call a word w a Sturmian word of order n if pw(m) = m+1 for all m ≤ n. Furthermore,
it is called a minimal Sturmian word of order n if it is a Sturmian word and there is
no shorter Sturmian word.
0) a) Show that the length of a Sturmian word of order n is at least 2n.
b) (First attempt with n = 3) Start with G3. Remove 4 edges (leaving 4 left) and call
the remaining graph G′3. Now construct a word using the method from Problem 4 on
the previous page.
Show the following are all possible:

• The resulting G′3 has no Eulerian path.
• The resulting G′3 has an Eulerian path, leading to a word w with pw(3) = 4, but
pw(2) = 4.

• The resulting G′3 has an Eulerian path, leading to a word w which is a minimal
Sturmian word of order 3.

c) Start with G2. Remove one of the edges to get G′2. Now compute L(G′2). If L(G′2) has
4 edges, set G′3 = L(G′2). Else remove one edge from L(G′2) (ensuring we still have an
Eulerian path) and call the remaining graph G′3. Now construct a word w using the
method from Problem 4 on the previous page. Do this a few times, and answer the
following questions:
a) Is w a minimal Sturmian word?
b) What can you say about the subwords of w of length 2?
1) We can now construct minimal Sturmian words of order n as follows:

(1) Start with G2 and create G′2 by removing an edge from G2.
(2) Now compute L(G′2). Removing an edge from L(G′2) if necessary (ensuring we

still have an Eulerian path) create G′3 a graph with 4 edges.
(3) Repeat the method in Step 2 to get G′4, . . . , G′n.
(4) Now construct a word using the method from Problem 4 on the previous page.

a) Use the method above to construct minimal Sturmian words of order 4, 5.
b) Argue that we actually are constructing minimal Sturmian words. That is, if we use
the above method to construct w we have: i) the length of w is 2n and ii) pw(m) = m+1
for all m ≤ n.
Extras
1) Explore minimal words w with subword complexity 2n (i.e. pw(m) = 2m for all
m ≤ n.
2) Explore ternary alphabets.
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