
Math Cirle, HighShool 2

November 6, 2014

Observation 1: Most of the problems an be done using a �double ounting� method. This is done

by ounting things in two di�erent ways, hene the results must be equal. For most of the problems,

I gave the hint in lass, by saying what you have to ount in two di�erent ways. If you skipped lass

and you need the hint, email me.

Observation 2: A di�erent notation for ombinations is

(

n

k

)

. In these handouts I used C(n,k).

Observation 3: You might �nd this helpful (we proved them in lass):

(x + y)n =
n
∑

i=0

C(n, i)xiyn−i

C(n, k) =
n!

k!(n− k)!

Observation 4: When I say �Prove in two di�erent ways�, I mean one algebrai proof, using the

formulas above, and a more elegant double-ounting proof.

1. A polynomial P (x) is suh that P (0) = 1 and

(P (x))2 = 1 + x+ x100
·Q(x),

where Q(x) is a polynomial. Show that the oe�ient of x99
in the

polynomial (P (x) + 1)100 is 0.

2. From now on, C(n, k) will represent the binomial oe�ient. Prove

that

C(n, 0) + C(n, 1) + . . .+ C(n, n) = 2n

C(n, 0)− C(n, 1) + C(n, 2)− . . .+ (−1)nC(n, n) = 0

3. Show that the number of solutions to the equation

a1 + a2 + . . .+ an = k

with ai ≥ 0 and natural numbers is C(k + n− 1, k)

4. Let m, n be natural numbers, and p a prime number. Find the residue

when you divide (m+ n)p −mp − np
to p.
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5. Prove, in two di�erent ways (one, by using the formula for bino-

mial oe�ient, and the other, by using a ounting argument) that

C(n, k) = C(n− 1, k − 1) + C(n− 1, k)

6. Prove that, if n ≥ q natural numbers, then

n
∑

k=q

C(n, k)C(k, q) = 2n−qC(n, q)

7. Prove, using a double-ounting proof, that 12 + 22 + . . .+ n2 =
n(n+ 1)(2n+ 1)

6

8. Prove, in two di�erent ways, that C(2n, n) = C(n, 0)2 + C(n, 1)2 +
. . .+ C(n, n)2

9. Prove that the number of paths along the edges of a grid starting from

(0, 0) and �nishing in (n, n) that do not ross the diagonal is equal to

C(2n,n)
n+1 .These are alled Catalan Numbers.

10.

11. Prove that the Catalan numbers, xn = C(2n,n)
n+1 satisfy the reurene

relation x0 = 1and

xn+1 =
n
∑

i=0

xixn−i
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