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Geometry of Masses, Lesson 5

Given two vectors a and b in the plane, the four points 0, a, b, a+ b form
the corners of a parallelogram:

a

b
a ∧ b

We will denote this parallelogram a ∧ b. In the following problems, we
will develop a way to compute the area of a ∧ b, which we denote |a ∧ b|.

Problem 1 Compute |a ∧ b| in each of the following cases:
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Problem 2 For x, y ∈ R, find a formula for |xa ∧ yb| in terms of |a ∧ b|.
Draw a picture demonstrating why the formula is true.
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Problem 3 Given three vectors a, b, c positioned as in the diagram below,
show that in this case

|a ∧ (b+ c)| = |a ∧ b|+ |a ∧ c|.

a

b c

a ∧ b
a ∧ c b + c

a
a ∧ (b + c)
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It is not always true that |a ∧ (b+ c)| = |a ∧ b|+ |a ∧ c|.

Problem 4 Show that

|a ∧ (b+ c)| = |a ∧ b| − |a ∧ c|

for the configuration below.

a

b

c

a ∧ b

a ∧ c

b + c

a

a ∧ (b + c)
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The difference between the two previous examples is that in the first, a∧b
and a∧ c have the same orientation, but in the second, their orientations are
opposite. Let us formalize the idea of orientation:

The wedge product x ∧ y is positively oriented, if the shortest rotation
from x to y is counterclockwise. If the shortest rotation is clockwise, then
x ∧ y is negatively oriented.

a ∧ b is +

a

b

c ∧ d is −

c

d

Problem 5

• Determine the orientation of a ∧ b, a ∧ c, and a ∧ (b+ c) in problem 3.

• Determine the orientation of a ∧ b, a ∧ c, and a ∧ (b+ c) in problem 4.

• What is the relationship between the orientations of x ∧ y and y ∧ x?

• Is it possible for x ∧ y to be neither positively nor negatively oriented?
What is |x ∧ y| in these cases?
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The signed area of a parallelogram spanned by the vectors a and b is the
number det(a, b), called the determinant:

det(a, b) =


+|a ∧ b|, if a ∧ b is positively oriented;

−|a ∧ b|, if a ∧ b is negatively oriented;

0, if a, b are collinear.

The signed area has some properties that the absolute area lacks:

Problem 6 Verify the following properties of det, which together signify that
it is both alternating and multilinear.

i. det(a, b) = − det(b, a).

ii. det(λa, b) = λ · det(a, b) = det(a, λb) for k ∈ R.

iii. det(a, b+ c) = det(a, b) + det(a, c). Make sure to check each case of the
possible orientations of a ∧ b and a ∧ c.
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Property iii is particularly useful because it gives us a way to calculate
the determinant of any pair of vectors:

Problem 7 Let x =

(
a
b

)
and y =

(
c
d

)
. Calculate

det(x, y) = det

(
a c
b d

)
via the following steps:

i. First, represent x and y as a sum of basis vectors

e1 =

(
1
0

)
and e2 =

(
0
1

)

ii. Then use property (iii) from the previous problem to expand the deter-
minant of the sums. Simplify until you are left with an expression with no
vectors in it. Hint: you know what det(e1, e2) is!

iii. Finally, use the formula obtained in part ii to see when is det(a, b) = 0.
Which pairs of vectors have this property?
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In the third dimension, three vectors a, b, c form a parallelepiped from the
corners 0, a, b, c, a+ b, a+ c, b+ c, a+ b+ c, which we denote a ∧ b ∧ c:

Just like in the two-dimensional case, we can define the determinant of
a, b, c as the signed volume of a∧ b∧ c. Rather than doing this, it is sufficient
to know that the 3D determinant has the same properties as its 2D sibling:

1. Swapping any two vectors changes the sign of the determinant, for
example: det(a, b, c) = − det(b, a, c).

2. The determinant is linear w.r.t. scaling each of the vectors, for example:
det(λa, b, c) = λ · det(a, b, c) for any λ ∈ R.

3. The determinant is linear w.r.t. vector addition for each of the input
vectors a, b, or c, for example: det(a, b, c+d) = det(a, b, c)+det(a, b, d).
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Problem 8 Using properties of the three-dimensional determinant, compute
determinants of the following parallelepipeds:

a. det

1 0 0
0 1 0
0 0 1



b. det

1 0 0
0 2 3
0 1 4



c. det

 1 0 0
100 2 3
200 1 4


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Problem 9 Find a formula for the 3× 3 determinant

det

p s v
q t w
r u x


in terms of the entries.
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Revisiting Barycentric Coordinates

Let O be the origin of the 3D space R3. Let i⃗ =
−→
OA, j⃗ =

−−→
OB, and k⃗ =

−→
OC

be vectors in R3 not lying in one 2D plane (not coplanar). The set of vectors

x⃗i+ yj⃗ + zk⃗ such that x, y, z ∈ R and x+ y + z = 1 forms a plane in R3.

Problem 10 Show that the points A, B, and C lie in the plane and are not
collinear.

For any three real numbers x, y, z such that x+ y + z = 1, let

(x : y : z) = x⃗i+ yj⃗ + zk⃗.

Consider three non-collinear points D, E, and F in the plane ABC given by
their barycentric coordinates:

D = (x1 : y1 : z1)

E = (x2 : y2 : z2)

F = (x3 : y3 : z3).

A

B C

D

E

F

Let us assume that the area of △ABC equals one and see if we can find
the area of △DEF using barycentric coordinates of the points.
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Problem 11 In each of the following parts, draw the points D,E, F as given
by their barycentric coordinates and compute the area of △DEF .

a.

A

B C

D = (1
2
: 1
2
: 0)

E = (0 : 1
2
: 1
2
)

F = (1
2
: 0 : 1

2
)

b.

A

B C

D = (1 : 1 : −1)

E = (1 : −1 : 1)

F = (−1 : 1 : 1)

c.

A

B C

D = (0 : 1
3
: 2
3
)

E = (1
3
: 2
3
: 0)

F = (2
3
: 0 : 1

3
)
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Problem 12 Consider the pyramid ODEF where O is the origin of R3.

a. Suppose that d is the distance from the origin to the plane ABC. What
is the relationship between the area of △DEF and the volume of the pyramid
ODEF?

b. What is the relationship between the volume of the pyramid ODEF and

det(
−−→
OD,

−−→
OE,

−→
OF )?

c. Use the previous two parts to find the relationship between the area of

△DEF and det(
−−→
OD,

−−→
OE,

−→
OF ). What happens when D = A, E = B, and

F = C?

d. Let [△DEF ] be the area of △DEF . Use the determinant to write down
the formula for [△DEF ]/[△ABC].
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Problem 13

a. Return to the three examples in problem 11 and find the areas again using
the formula you obtained in problem 12.

b. Note the sign of the determinant in each example. Some should be positive
and some negative. What about △DEF makes this determinant positive or
negative?

14



Problem 14 In a previous packet, we showed that the barycentric coordi-
nates of a point P = (x : y : z) are also the ratios of the areas of the triangles
△PBC,△PAC,△PAB.

A

B CD

E

F

P

Show this again using the formula obtained in problem 12.
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Problem 15 : Routh’s Theorem. Let ABC be a triangle of area 1, and
let A′, B′, C ′ be points on BC,AC,AB respectively, such that

BA′ = 2A′C, CB′ = 2B′A, AC ′ = 2C ′B.

A

B C

The intersection points each pair AA′, BB′, CC ′ form a triangle. What
is the area of this triangle?

a. First, find the barycentric coordinates of each of these three points.

b. Now apply the formula obtained in problem 12.
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