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Geometry of Masses, Lesson 4

Problem 1 M is an internal point of △ABC. A1 is the common point of
the lines AM and BC. B1 is the common point of the lines BM and AC.
C1 is the common point of the lines CM and AB. Given that

|AC1|
|C1B|

= p and
|AB1|
|B1C|

= q,

show that
|AM |
|MA1|

= p+ q.
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Problem 2 |AB| = 3|AD| and |BC| = |CE|, see the picture below. Use
geometry of masses to find the ratios |AF | ÷ |FC| and |EF | ÷ |FD|.
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Answer: |AF | ÷ |FC| = , |EF | ÷ |FD| =
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Problem 3 Let ABC be a triangle, and let D,E, and F be points in BC,AC,
and AB respectively. Show that AD,BE,CF concur if and only if

BD

CD
· CE

AE
· AF
BF

= 1.

This fact is called Ceva’s Theorem (though Ceva was not the first to
prove it) and the lines AD,BE, and CF are called cevians.
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Problems 4 and 5 are meant to remind a fact needed for problem 6.
Problems 4 and 5 can be solved by using nothing more than the Pythagorean
theorem.

Problem 4 The line AB is tangent to the circle centered at O, please see
the picture below. The point B lies on the circle. Show that AB ⊥ OB.

O

A

B

Problem 5 The lines AB and AC are both tangent to the circle centered at
O, please see the picture below. The points B and C lie on the circle. Show
that |AB| = |AC|.

O

A

B

C
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Problem 6 A circle is inscribed in a quadrilateral ABCD, having E, F , G,
and H as the points of tangency, please see the picture below. Given |AE| =
|AH| = a, |BE| = |BF | = b, |CF | = |CG| = c, and |DG| = |DH| = d, use
geometry of masses to find the ratios |EI| ÷ |IG| and |FI| ÷ |IH|.

E
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FH I

Answer: |EI| ÷ |IG| = , |FI| ÷ |IH| =
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We previously defined Barycentric coordinates in triangles, and found
that the coordinates of the centroid are (1

3
: 1

3
: 1

3
). In the upcoming prob-

lems, we’ll find the barycentric coordinates of three other triangle centers:
the incenter, the circumcenter, and the orthocenter. But first, let’s prove an
alternate definition of barycentric coordinates that will make things easier:

Problem 7 Let ABC be a triangle with cevians AD,BE,CF concurring
at point P , and let the barycentric coordinates of P be (x : y : z). In this
problem, we will show that x : y : z are also the ratios between the areas of
triangles PBC,PAC, PAB.

a. Find [BEC] (the area of BEC) in terms of x, y, z and [ABC].

b. Find [PBC] in terms of x, y, z and [BEC].

c. Find [PBC] in terms of x, y, z and [ABC].

d. Finally, compute the ratios of [PBC], [PAC], and [PAB].
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Problem 8 The Incenter I of ABC is the center of the unique circle tangent
to all three sides of ABC.

a. First, show that such a point exists.

b. Give an expression for the barycentric coordinates of I in terms of the
sides of the triangle, a, b, and c.
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Problem 9 The Circumcenter O of ABC is the center of the unique circle
passing through A B and C.

a. First, show that such a point exists.

b. Give an expression for the barycentric coordinates of O in terms of the
angles ∠A,∠B,∠C.
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Problem 10 The Orthocenter H of ABC is the intersection of the three
altitudes of ABC.

a. First show that such a point exists.
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b. Next, give an expression for the barycentric coordinates of H in terms of
the angles ∠A,∠B,∠C, following these steps:

i. Show that [HBC]/[ABC] = HD/AD. This means that computing
HD/AD will be sufficient (why?)

ii. Using trigonometric functions, find AD/BD and HD/BD in terms of
∠A,∠B,∠C. (Hint: first find ∠BHD).

iii. Finally, compute HD/AD, and use this to determine the barycentric
coordinates of H. Simplify your answer if possible.

10



Problem 11 (AIME 2011) Let ABC be a triangle with AB = 20 and
AC = 11. The angle bisector of ∠A intersects BC at point D, and M is the
midpoint of AD. Let BM intersect AC at P . Determine the ratio CP/PA.

Problem 12 (AIME 2009) Let ABCD be a parallelogram. M lies on AB
such that AM/AB = 17/1000, and N lies on AD such that AN/AD =
17/2009. Let P be the point of intersection of AC and MN . Determine the
ratio AC/AP .
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Problem 13 (AIME 1985) Let ABC be divided into six triangles as shown,
with areas indicated in the figure. Find the area of ABC.
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