Dr. Oleg Gleizer
prof1140g@math.ucla.edu

Geometry of Masses, Lesson 3

A pair of non-collinear vectors, i and j’, in the Euclidean plane is called a
basis. The reason is that any vector in the plane can be expressed as a linear
combination of ¢ and j.

Example 1 Three different points, P1, P, and P3, are not collinear. Given

P,C = 0.1P, P,4+0.3P, P,, find barycentric coordinates of the point C w.r.t. the
AP PyPs.

We are going to solve the problem in two different ways. The first is a
step towards learning linear algebra. It introduces a few useful concepts and
18 somewhat straightforward, but more computationally intense. The second
way uses geometry of masses. It requires more ingenuity, but fewer compu-
tations.

R T
Let us use the basis i = PPy and j = Py P3 for what follows. Then
PC =017 +03].

To solve the problem, one needs to find the masses my, ma, and mz such
that
mlCP1 + mQCPQ + mgCPg =0.

Since only the ratio of the masses, (my : ma : m3), matters, one can assume
without loss of generality that my + mo + msz = 1.

- - - . .
CP, = —P,C = —(0.17+ 0.3]) = —0.17 — 0.3
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PIC+CP, =1 or equivalently, 0. 17 + 0. 3] + CP, = 1. Hence,
— — —
CP,=0.9 —0.3)
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P (% + C'P3 = j or equivalently, 0. 174 0. 3] + CP;=j. Hence,

— N -
CP, = —0.1i + 0.7}

mlc’Pl + mQCPQ + mgCPg =

my(—0.17 — 0.37) + m2(0.9i — 0.37) + ms(—0.17 + 0.7)) =

(—=0.1m4 + 0. 9m2 — 0.1mg3)i + (—0.3my — 0.3ms + 0. 7m3)“’ =
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The vectors i and ] are not collinear. Hence for the equality a

to hold, both coefficients a and b must be equal to zero.

—0.1m; +0.9m5 — 0.1m3 =0
—0.3m1 — 0.3my +0.7m3 =0

m; + me + ms = 1
—my + 9m2 - ms =
—3m1 — 3m2 + 7m3 =0

e}

Multiplying both sides of each of the above equations by 10 and recalling the
calibrating condition my + mo + mg = 1, one gets the following system of
linear equations:



The following method of solving systems of linear equations is called
Gaussian_elimination after its inventor, a great German mathematician
Johann Carl Friedrich Gauss, 1777 - 1855.

Step 1: let us eliminate the first variable, my, from all the equations except
for the first one. For that, let us add the first equation to the second and
three times the first equation to the third.

my + mo —+ ms = 1
1077?,2 = 1
10m3 = 3

Step 2: Let us divide the second and third equations by 10.

mp + Mo + Mm3 =
)

Slesl=

ms =

Step 3: Let us eliminate the second variable, mo, from the first equation by
subtracting the second equation from the first.
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mq + ms = 10
1

mo = 10

_ 3

m3z = 10



Step 4: Finally, let us eliminate the third variable, ms, from the first equation
by subtracting the third equation from the first.

ma =
Mo =
m3 =
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Here comes the answer: C'= (0.6 : 0.1:0.3).

Now let us take another glance at the previous page picture. Looking at
the equality Eg = 0.1Z+0.3f, let us place the masses 0.1 at P, and 0.3 at Ps.
Let us also place some unknown mass m > 0 at Py and let us ask ourselves
the following question: “What should m be equal to so that the center of mass
of the system is at C'?”

(P3,0.3)

(P, 0.1)

(Pl,m)

To answer the question, let us move the masses 0.1 and 0.3 to the center
of mass D of the two-point system, (P3,0.1), (P3,0.3). No matter what m is,
the center of mass of the system (Py,m),(D,0.4) will be some place on the
line P\ D.

According to the lever rule, P3D : DP, =1 : 3. Hence,

— 1 —> v d 1 - hvd - —
33:j+1&3:j+z@—4>=0%wij.

Comparing to R R
PC =017 +037.
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we have @ = 0.157 + 0.45;'. Since 0.15+ 0.1 = 0.45 + 0.3 = 1.5, the vector
@ 1s 1.5 times longer than the vector m Applying the lever rule to the
system (Py,m), (D,0.4), one gets m = 1.5 x 0.4 = 0.6.

Let us practice a bit of linear algebra before getting back to geometry of
masses.

Problem 1 Use Gaussian elimination to solve the following system of linear
equations. Do not use technology.

2v — gy =1
- + 2y — 2z =1
y 4+ 2z =1
Answer: x = LY = , 2=




If & = ai + bj, then the numbers a and b are called coordinates of the
vector v in the basis 7, j.

Problem 2

o Show that the vectors

1 -3
i=1 2 and  j = 2
1 3
are not collinear.
e Show that the vector
—1
U= 2
2

lies in the 2D plane spanned by the vectors i and j Find the coordinates of
U in the basis.

Answer: a = , b= :



Example 2 Let us describe the straight line PyP3 as follows. The line is
- = = . . L. .
spanned by the vector PoP3 = j — i having the point Py as the initial point of
the wvector.
PPy — {i+t(—z’+j) :tE]R}
The above formula reads as follows: the set of the points of the line PyPj is
i+t <—;+ j) where the parameter t can be any real number. After a minor

simplification, one gets:
PPy = {(1 )ittt R}

The above description of a straight line is called parametric. 1t is different
from the description of a straight line by means of a linear equation y = max+b
you may have seen at school. Both ways to describe straight lines in the plane
are equally useful.

Problem 3

e Find an equation of the form y = mx + b for the straight line AB on the
picture below.
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Let i be the vector from the origin O to the point 1 on the x-axis. Let;
be the vector from the origin O to the point 1 on the y-axis.

H — —
e Represent the vector OA as a linear combination of the vectors i and j.

OA =

o Represent the vector @ as a linear combination of the vectors i and j.

OB =

e Represent the vector E as a linear combination of the vectors i and ]

AB =

e Find a parametric description of the line AB.

AB :

Note that writing ¢ and j all the time is annoying. It is more convenient
to use the column-vector notation.
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For example, the parametric description of the line P, P; from example

becomes
(1—t)i+1tj= { 1;’5 ] tER.

There is no ambiguity as long as the basis ;,j is fixed.

Py

<.

P, 5

Problem 4 Given that

Plj = |: ! :| )
b
describe the following facts using equalities and inequalities involving a and b.

o P lies on the line P, Ps.
e P lies in the same half-plane formed by the line P,P3 as the point P;.

e P lies in the half-plane formed by the line Py P3 opposite to the half-plane
containing the point Py.

The problem continues to the next page.
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e P lies on the line PyP3 between the points Py and Ps.

o P lies on the line P, P3 not between the points P, and P3 on the same side
from Py as the point Ps.

e P lies on the line P, P3 not between the points Py and P on the same side
from P as the point Ps.

.Pzpl
.P:P2
.P:P3

T
Problem 5 Describe the line Py Py parametrically.

Problem 6 Given that

ar-[4]

describe the following facts using equalities and inequalities involving a and b.

o P lies on the line P P,.

The problem continues to the next page.
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o P lies in the same half-plane formed by the line P, Py as the point Ps.

e P lies in the half-plane formed by the line P, Py opposite to the half-plane
containing the point Ps.

o P lies on the line PP, between the points Py and Ps.

e P lies on the line P, P, not between the points P, and P, on the same side
from Py as the point Ps.

e P lies on the line P, P, not between the points P, and P, on the same side
from Py as the point Py.

Problem 7 Given that

mr-|4]

describe the set of all the points P € AP, P,Ps using inequalities involving
the coordinates a and b.

Answer : {P S AP1P2P3} =
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Problem 8 Given that P € AP, P,P; and that
ar-[4 ]

find barycentric coordinates (my : mg : m3) s.t. my + mg + mg = 1 of the
point P. Hint: compare to example [1}

Answer: P =

Problem 9 Given P € AP, P,P; and P = (my : my : mg) such that my +
mo+mg # 0, but the sum my+mso—+mgz is not necessarily equal to 1, find the
coordinates a and b of the vector PP w.r.t. the basis i= PP, and ; = P FP;.

Answer: P =

Note that if we allow negative masses, the above generalizes to any point
in the plane, including the points outside of AP, P, Ps3.

Problem 10 Find barycentric coordinates of the origin O w.r.t. NABC, see
the picture below.
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Hint: use Gaussian elimination.
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Problem 11 Let P, P,P3P, be a tetrahedron in a 3D Fuclidean space. C' is
a point in the spaces such that

Pyl = 0.1P,P, + 0.2, P, + 0.3, P,.

Find barycentric coordinates of C w.r.t. the tetrahedron.

Answer: C =
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