ORMC Final Test

The duration of the contest is 1 hour and 30 minutes.
There are 4 problems. Each problem is worth the same number of points.

Write complete proofs for all problems. Partial credit may be awarded for significant progress.

. Let P be a point in the interior of the acute-angled triangle ABC'. Prove that if the reflections
of P with respect to the sides of the triangle lie on the circumcircle of the triangle, then P is
the orthocenter of ABC'.

. Determine all squarefree positive integers n > 2 such that
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is a positive integer, where di,do, ..., d; are all the positive divisors of n.

. Let n > 2 be a positive integer and let aj,aq,...,a, € [0,1] be real numbers. Find the
maximum value of the smallest of the numbers:

ap —aijaz, ag — a2a3,...,an — apdq.

. Let n > 5. Annxn grid is filled with n? distinct positive integers such that, no matter how we
choose several numbers from the grid, any two that lie in different rows and different columns
have an arithmetic mean that is also a natural number Determine the smallest possible value
of the largest number in the grid.



