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27 lines on cubic surfaces

1 Cubic surfaces as blow-ups.

Let us consider 6 points p1, . . . , p6 ∈ P2 in general position, i.e., no 3 of them belong to the
same line, and they do not all lie on the same conic (recall that any 5 points always lie on a
conic, which is generically unique).

Problem 1.

1. Show that there is a 10-dimensional vector space Vcubic of homogeneous cubic polyno-
mials f(X, Y, Z) ∈ k[X,Y, Z].

2. What is the expected dimension of the space V p1,...,p6
cubic of cubic polynomials vanishing

at these 6 points (see also Problem 8a below)?

Let us pick a basis f1, f2, f3, f4 of V p1,...,p6
cubic . Then we have the following map

φ : P2 99K P3, (1)

[X : Y : Z] 7→ [f1(X, Y, Z) : f2(X, Y, Z) : f3(X, Y, Z) : f4(X, Y, Z)]

Problem 2.

1. Why is the arrow above dashed?

2. To resolve singularities of the partially defined map φ we can pass to the blow-up

π6 : X = Blp1,...,p6 P2 → P2

of the plane at the 6 points under consideration. We denote by E1, . . . , E6 the excep-
tional divisors corresponding to the points p1, . . . , p6.

(a) Let p1 = [0 : 0 : 1], and let us consider the chart A2
x,y = {[x : y : 1] ∈ P2 | x, y ∈ k}.

How do polynomials fi look in these coordinates? What are the “leading” terms?

(b) Now recall the local coordinates for

π : Blp1 A2 → A2

given by
U0 = {(x, y, t) ∈ A3 | y = xt}
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in which the exceptional divisor E1 is given by E1 = {x = 0}. Compute the
expression for π∗fi(x, t) in these coordinates (by definition, π∗fi = fi ◦ π) .

(c) How to extend the map [f1 : f2 : f3 : f4] to the whole blow-up (in this chart)
to make it well-defined along E1 = {x = 0}? Please see Problem 8b below for a
subtle point.

3. Using the previous discussion show that the pullback π∗
6(f) of any f ∈ V p1,...,p6

cubic is a
section of

OX(3L− E1 − · · · − E6), (2)

where L is the divisor of a line in P2 not passing through pi, which also gives rise to a
divisor in X which we also call L by abuse of notation (technically it is π∗

6(L)).

The result of the above problem is that one can resolve singularities of φ by passing to
the blow-up and define the following map

φ′ : X → P3, (3)

which coincides with φ away from the 6 exceptional divisors E1, . . . , E6.

Claim 1. In fact, the map φ′ is an embedding of the surface X into P3.

We will use this claim without proof. Clearly, it is equivalent to showing that the sheaf (2)
on X is very ample, but we have not developed enough tools for telling that a sheaf on a
surface is very ample (recall that for curves we know how to tell that a sheaf is very ample
by using degree calculations).

We denote by S = φ′(X) the image of this embedding.

Problem 3.

Now since φ′ is the embedding associated with the sheaf OS(3L− E1 − · · · − E6) we have

H|S = 3L− E1 − · · · − E6

1. Using Problem 11 from last time compute the self-intersection

H|S ·H|S.
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2. Using Problem 6 from last time, conclude that S is a degree 3 surface, i.e., a cubic.

2 Let’s catch the lines!

Figure 1: 27 lines on the Clebsch cubic: X3 + Z3 + Y 3 +W 3 = (X + Y + Z +W )3.

The following problem shows that one can tell a line on a cubic by its intersection pairing
with itself (compare it with the case of a plane, what is the self-intersection of a line on P2?).

Problem 4: traits of lines.

1. Using adjunction, show that for any smooth cubic surface S

KS = −H|S.
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2. Use Problem 5 from last time to show that for any line ℓ ⊂ S ⊂ P3 it holds that

ℓ · ℓ = −1.

3. Conversely, let C ⊂ S be a smooth irreducible curve of genus 0 such that C ·C = −1.
Conclude that C is a line by determining its degree.

Problem 5: line hunting.

1. Show that each Ei is a line.

2. Using Problem 10 from last time, show that the strict transform of a line on P2 passing
through pi and pj is a line in S. How many such lines are there?

3. Show that the strict transform of a conic passing through 5 of these 6 points is a line
on S. How many such lines are there?

Problem 6: converse.

Assume that

D = aL− b1E1 − · · · − b6E6

for some integer values a, b1, . . . , b6 ∈ Z is a line in S. Show that it has to be one of the lines
we obtained in Problem 6.

Problem 7: dessert.

1. Show the condition on passing through 6 generic points is always a rank 6 linear system
on Vcubic.
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2. To show that for generic 6 points in Problem 2.2 (c) you obtained a well-defined map
along the whole divisor E1, you need to show that there is no direction v such that for
any f ∈ V p1,...p6

cubic

dfp1(v) = 0.

To see this, you may consider cubics given by unions of a conic through p2, . . . , p6 and
some line through p1. Complete the proof.

3 Take a look under the rug.

We only showed that cubic surfaces obtained as blow-ups at 6 points contain 27 lines. Is it
good enough?

Problem 8.

1. Find the dimension of the variety of cubic surfaces in P3. We denote by S its dense
open subset formed by smooth cubics.

2. Count the dimension of 6-point configurations in P2. Now, that there is a group of
projective automorphisms of P2 called PGL(3), what is its dimension? Hence, up
to these symmetries, what is the number of parameters we get for picking 6 generic
points?

3. Picking an embedding of X into P3 required a choice of 4 polynomials in V p1,...,p6
cubic .

What is the dimension of the space?

4. Conclude that the space of smooth cubics S and the space parameters for blow-up
construction Sbl are of the same dimension.
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Hence, we see that S and Sbl are spaces of the same dimension. Notice that the map
from Sbl to S has finite fibers (you are picking some 6 lines among 27 to blow down back
to P2). This implies that the image of Sbl in S has to be a dense and open subset by some
standard facts from algebraic geometry.

Hence, we showed that a generic smooth cubic has 27 lines. Showing that all of the
smooth cubics are obtained via a blow-up at 6 points requires some additional work, but it
is true.
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