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1 Introduction

Functional equations, or FEs for short, are one of the (roughly) three primary subtopics in olympiad
algebra, the other two being inequalities and polynomials. “Standard” inequality problems have
become less common in recent years, but FE and polynomial problems still appear quite frequently.
Notably, generating functions and related arguments (e.g. the “roots of unity filter” if you’ve heard
of it) have become very popular on contests such as TSTST, TST, and RMM. Nevertheless, it
seems unlikely that FEs will lose traction any time soon.

FEs come in a few different flavors. Almost always, the problem will define a function f on a
specified domain S and codomain 7' (often written f: .S — T') and one or more conditions to work
with. Usually, you will be asked to either classify all such functions f or prove something universal
about all f satisfying the constraints. The methods of solving an FE vary depending on the sets
S and T; for example, integer FEs (e.g. f:Z — Z or f: N — N) will often rely on inductive or
number theoretic approaches. On the other hand, setups like f: R — R or even f: Rt — R* may

’ which we

support analyses based on size, injectivity /surjectivity, or the so-called “pointwise trap,’
will cover in an example. Of course, the exact format of the solution cannot be determined from

simply looking at the equation, but the structure is likely to give some helpful pointers.

We go over two examples in the next section. The first is quite standard for an FE, but the second
will require a little more work. In general, it is useful to search for solutions to an FE before
attempting to solve it, as this will help you decide whether claims are true or false. In the same
vein, making simple substitutions, setting things equal to 0, etc. are all good ideas to try before
attacking a problem more directly.

Note: Don’t forget to show that your solutions actually work when writing up a proof! Though
this is often trivial, you will get docked points for it.



2 Walkthroughs

2.1. (IMO 2019/1) Let Z be the set of integers. Determine all functions f : Z — Z such
that, for all integers a and b,

f(2a) +2f(b) = f(f(a+b)).

Walkthrough.

(a) Find the trivial solution, and find a class of linear solutions which work. We will prove that
these are the only solutions. (Make sure you check them!)

(b) Substitute f(z) = kx + ¢, and find all linear solutions to the equation.
In what follows, denote ¢ = f(0).

(¢) Plug a = 0 and b = 0 into the equation separately, and deduce that f(f(a + b)) = 2f(a) +
2f(b) — c. Call this (7).

(d) Prove that f(a+b) = f(a)+ f(b) — c. (Hint: substitute something in (1)).

(e) Define the function g(z) = f(z) — ¢, and remark that g(a + b) = g(a) + g(b) for all integers
a,b. This reduced form is called Cauchy’s functional equation.

(f) Find all functions g satisfying the above equation, and solve the problem. (As an extension,
what if f was defined on Q7)

2.2. (Iran TST 1996) Find all functions f: R — R satisfying

f@+y) = f(f(@) —y) + 4f(x)y

for all real numbers x and y.

Walkthrough.

(a) Find two distinct solutions which work.
(b) Prove that f(0) =0, and deduce that f is even (i.e. f(a) = f(—a) for all a).

(c) Prove that f(x) € {0,2%} for all z, and thus f(x) > 0 everywhere. (Hint: try to cancel some
terms.) Why doesn’t this solve the problem?

This is called a pointwise trap. To resolve this, we have to be a bit creative.

(d) Prove that if f(a) > 0 for some a, then f(z) > 0 for all x > a?.
(e) Prove that if f(b) = 0, then f(z + %) = f(x). Why does this contradict part (d) if b # 0?
(f) Deduce that either f = 0 or f(x) = 2% everywhere.



3 Problems

1. (Cauchy’s FE)

(a) Find all functions f: Z — Z satisfying f(z +y) = f(x) + f(y) for all integers = and y.
(b) Find all functions f: Q — Q satisfying f(x +y) = f(x) + f(y) for all rationals x and y.

+
(c) * Find all functions f: RT — RT satisfying f(z + y) = f(x) + f(y) for all z,y > 0. (Here,
R* denotes the set of positive reals.)

2. (Jensen’s FE)! Find all functions f: Q — Q such that

; (x;y) SPORS()

for all z,y € Q.

3. (IMO 2010/1) Find all functions f: R — R such that for all z,y € R,

f(lzly) = f(@)[f(y)]-

4. (JMO 2015/4) Find all functions f: Q@ — Q such that f(z)+ f(t) = f(y)+ f(z) for all rational
numbers x < y < z < t that form an arithmetic progression.

4. (IMO 2008/4) Find all functions f from the positive reals to the positive reals such that

fw)?+ f(x)?  w?+a2?

Fy?) + (0 y2 422

for all positive real numbers w, x, y, z satisfying wz = yz.

5. (USAMO 2002/4) Determine all functions f: R — R such that
f@® —y*) = af(x) — yf(y)

for all pairs of real numbers x and y.

6. (Taiwan Quiz 2014) Find all increasing functions f from the nonnegative integers to the
integers satisfying f(2) = 7 and

f(mn) = f(m) + f(n) + f(m)f(n)

for all nonnegative integers m and n.

7. (JMO 2024/5) Solve over R the functional equation f(z% —y) + 2yf(z) = f(f(z)) + f(v).

Yes, they did functional equations too!



8. (USAMO 2019/1) A function f: N — N satisfies the equation

f(n) times

for all positive integers n. Given this information, determine all possible values of f(1000).

9. (IMO 2012/4) Find all functions f: Z — Z such that, for all integers a,b, ¢ that satisfy
a+ b+ c =0, the following equality holds:

Fla)® + f(b)% + f(e)* = 2f(a) f(b) + 2f (b) f(c) + 2f(c) f(a).

10. *(USAMO 2016/4) Find all functions f: R — R such that for all real numbers x and y,

(f(@) +ay) - f(@=3y) + (fF(y) +ay) - fBz—y) = (flz+y))*

11. *(IMO 2015/5) Solve the functional equation

fla+ fz+y)+ flzy) =2+ fx +y) +yf(2)

for f: R — R.

12. *(IMO 2017/2)? Determine all functions f : R — R such that, for any real numbers z and y,

f(f@)f() + flx+y) = flzy).

13. **(EGMO 2026/3) Determine all functions f : R — R such that for all real numbers z,y,
the following holds:

F((f@) + fW)?) = (@ +y) flz+y).

14. **(IMO 2024/6) A function f: Q — Q is called aquaesulian if the following property holds:
for every x,y € Q,

fla+fly) = fx)+y or f(f(x)+y) =2+ f(y)

Show that there exists an integer ¢ such that for any aquaesulian function f there are at most
¢ different rational numbers of the form f(r) + f(—r) for some rational number r, and find the
smallest possible value of c.

Problems for homework are 3, 5, and 8.

2Same proposer as IMO 2015/5.



