ORMC AMC 10/12 26S WEEK 6: REFLECTIONS, SYMMETRY

ORMC AMC 10/12 Reference Sheet

1. Reflections & Minimum Path (Heron’s Problem)

To find the point P on a line L that minimizes the distance AP + PB for two points A and B on the same
side of L:

e Reflect A across line L to get A’.

e The shortest path is the straight line A’B. The optimal point P is the intersection of A’B and L.
e At the optimal point P, the angle of incidence equals the angle of reflection (67 = 65).
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2. The Fermat-Weber Point (Steiner Trees for 3 Points)

For a triangle ABC' where all angles are less than 120°, the point F' that minimizes the total distance
|FFA| 4+ |FB| + |FC)| is the Fermat point.

e Property: The segments to the Fermat point meet at exactly 120° (LAFB = /BFC = ZCFA =
120°).

e Construction: Draw outward-facing equilateral triangles AA’BC on side BC, AAB'C on side
AC, and AABC’ on side AB. The straight line segments AA’, BB’, and CC’ intersect at the same
point, which is the Fermat point F'.

¢ Key Results:

— The minimum total distance is exactly equal to the lengths of these segments: |FA|+ |FB|+
|[FC| =|AA'| = |BB'| =|CC’|.

— The Fermat point F' is indeed the intersection of the circumcircles of the three constructed
equilateral triangles.
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3. Symmedians
A symmedian is the reflection of a triangle’s median across the corresponding angle bisector.
e Steiner’s Ratio Theorem: The symmedian from A intersects BC at point S. It divides the
opposite side strictly in proportion to the squares of the adjacent sides:
BS c? B AB?
SC b2 AC?
e Tangent Intersection: The symmedian from A and the two tangent lines to the circumcircle at B
and C' are concurrent.

Median
Angle Bisector
ymmedian

PROBLEMS

Problem 1. Find the exact shortest distance between the graph of the parabola y = 22 + 1 and the graph
of the parabola x = y? + 1.

Problem 2. A camper is at point A(1,5) and their camp is at B(8,2). They need to run to the river (the
x-axis) to grab a bucket of water before heading to the camp. What is the shortest total distance they can
travel? Hint: Reflect about the z-axis.

Problem 3. A billiard ball is at A(1,2) on a 10 x 10 table. It is struck so that it bounces off the right wall,
then the top wall, and eventually hits another ball at B(8,7). What is the length of the shortest path the
ball could have taken? Hint: Reflect the room!



Problem 4. An acute triangle ABC has ZA = 60°. A point P is fixed inside the triangle, such that its
distance to vertex A is AP = 10. Suppose X, Y are points outside of the triangle and on opposite sides of
the perpendicular h 4. Find the minimum possible perimeter of triangle PXY Hint: Reflect P.

Problem 5. Let ABCDE be a regular pentagon with a side length of 2. Vertex E is reflected across the
diagonal AD to a point E’. What is the exact perimeter of AE'DC?

Problem 6. In AABC, the side lengths are AB = 13 and AC = 20. Let AD be the internal angle bisector
of ZA. A point K lies on AD such that BK | AD. If M is the midpoint of BC', what is the length of K M?
Hint: Reflect about line AK.

Problem 7. An angle BOA measures 30°. A fixed point P is located inside this angle, such that the
distance from O to P is exactly 10.If X, Y lie on OA and OB respectively, what is the minimum possible
perimeter of PXY?

Problem 8. Let P be a point strictly inside an equilateral triangle AABC such that the distances to the
vertices are exactly PA = 3, PB = 4, and PC = 5.Find the exact measure of ZAPB. Hint: Rotate APB
60° about B.

Problem 9. (hard) Four towns are located at the corners of a square with side lengths 1. What is the
minimum possible total length of a road network connecting all four towns? Hint: There is one interior
node. Draw outward facing equilateral triangles.

Problem 10. A rectangular sheet of paper has a height of 8 and a width of 10. It is folded perfectly along
a straight crease so that the top-left corner lands exactly on the bottom edge, at a point exactly 6 units to
the right of the bottom-left corner.What is the total visible area of the folded shape as it rests flat on the
table?

Problem 11. A parallelogram ABCD has side lengths AB = 12 and AD = 8. The diagonal BD has a
length of 10.The paper is folded perfectly along the diagonal BD.What is the exact area of the overlapping
region?

Problem 12. In AABC, the side lengths are AB =5, AC =7, and BC = 8. The symmedian from vertex
A intersects the side BC' at point D. Find the exact length of the segment BD.

Problem 13. Let AABC be inscribed in a circle w, with side lengths AB =4, AC = 6, and BC = 5. The
tangent lines to w at points B and C' intersect at a point 7" outside the circle. The line AT intersects the
segment BC' at point K. Find the exact length of BK.

Problem 14. In right-angled AABC, ZC = 90°, AC = 6, and BC = 8. A line is drawn from C to the
hypotenuse AB, bisecting the angle formed by the median from C and the altitude from C. Let this line
intersect AB at D. Find the exact length of C'D.

Problem 15. In AABC, the side lengths are AB = 13, BC = 14, and AC = 15. The three symmedians of
the triangle intersect at a single point P, called the Lemoine point (or Symmedian point). Find the exact
perpendicular distance from P to the side BC.

Problem 16. Four towns are located at the corners of a rectangle with side lengths 2 and 2v/3. What is
the minimum possible total length of a connected road network joining all four towns?
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HOMEWORK

Problem 17. Let ABCD be a square piece of paper with a side length of 10. Let M be the exact midpoint
of the right edge, BC.The paper is folded along the crease AM. Because of the fold, the top right corner B
swings inside the square and lands at a new point B’.Find the exact distance from the bottom-left corner D
to the folded point B’.

Problem 18. In AABC, the side lengths are AB = 5 and AC = 8, and the angle between them is
/BAC = 60°. A point P is placed inside the triangle such that the sum of the distances PA 4+ PB + PC' is
perfectly minimized.Find the exact minimum length of PA + PB + PC.

Problem 19. Point P is located strictly inside a square ABCD. The distances from P to three of the
vertices are exactly PA =1, PB =2, and PC = 3.Find the exact measure of ZAPB in degrees.

Problem 20. Three towns are located at the vertices of a right triangle with side lengths 3, 4, and 5. What
is the minimum possible total length of a road network connecting all three towns?

Problem 21. Prove the property regarding the Fermat point - that is, for a triangle ABC where all angles
are less than 120°, the point F' that minimizes the total distance FA + FB + FC creates angles such that
/AFB = /BFC = /ZCFA =120°.



