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1 Adjunction formula.

Theorem 1. Let D be a nonsingular divisor in a smooth projective variety X. Then
Kp = Kx(D)|p = (Kx ® Ox(D))|p. (1)
Here, |p stands for the pullback operation along the natural embedding .p: D — X.

Comment/ sketch of proof. You do not need to fully understand what is written
below, it is here just to give you a feeling why something like this might be true.

First of all, let us notice that this is an extremely useful formula for analyzing the
geometry of a smooth curve C inside a smooth surface S, or of a smooth surface S (e.g.,
a cuvic) inside P3. Usually, you understand at least two of the three important sheaves in
question, so they let you understand something about the third.

As for the proof, thinking of D as a smooth subvariety, it should sound natural to you
that the whole tangent sheaf Tx|p restricted to D can be represented as a direct sum of
the tangent sheaf 7p, and the normal bundle/sheaf Np (this later sheaf records tangent
directions moving a point in D away from it inside X, i.e., in the normal direction). Strictly
speaking, it is incorrect to say that there is a splitting as above, but what is correct is that
there is a “surjective” map

Tx|D —)ND

and its kernel is Tp.

The statement of the Theorem then follows by dualizing the above fact and passing to
top exterior powers (recall that the canonical sheaf is given by the top exterior power of
1-forms, i.e., duals to tangent vectors). O

Let us test the power of this new tool in our Kkit.

First, let us recall that a degree d hypersurface D in P" is by definition a hypersurface
that intersects a generic line in d points. It also follows from the fact that it is given by the
zeroes of a degree d homogeneous polynomial. In Pic(P™) = Z we have D = dH, where H is
the divisor of some hyperplane H.

Problem 1. Let C be a degree d curve in P2, Express its genus g(C) in terms of d. Hint:
1somorphic sheaves have the same degree.

Problem 2. Let (c: C' < P? be a quartic curve (i.e., given by zeroes of a degree 4 poly-
nomial). Show that (5 O(1) = K¢. In other words, the map ¢, associated with a canonical
sheaf £ = K¢ gives an embedding of a quartic into P2.
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2 Intersection pairing.

Natural question: given two curves C, C” inside a smooth surface S, how many times they
intersect? For instance, take a guess

1. how many times do {z = 0} and {y = 0} intersect in A%?
2. how many times do {z = 0} and {y = 2*} intersect?
3. how many times do {x = 0} and {(y — 2%)y = 0} intersect?

Definition 2. Let C,C" be two curves with no common components and ¢ € C N C’. Let
O, be the local ring of S at x. We define the multiplicity of intersection at ¢ as

my(C'NC") = dimOy/(f, 9), (2)
where C' = {f =0} and C" = {g = 0} locally.

Remark 3. Recall that for a smooth surface, the local ring O, has two generators z, y, and

you may think that it is isomorphic to k[z, y]w.,) (strictly speaking, not always true, but it

is not so important for our discussion). The functions in the later ring ar % with g(x,y)

not contained in the ideal (z,y) (for instance g(x,y) = 1 +x +y is fine, but g(z,y) = y* + =
is a not allowed).

Problem 3. Using the above definition

1. Verify your earlier guesses.

2. Intersection of {y = z*} and {zy(z +y) = 0} in A2

3. Show that

{f=01-{gh =0} ={f =0} - {g=0} +{f =0} -{h =0}

for any polynomials f, g, h € k[x,y]/ Here - stands for counting multiplicity of inter-
sections mgg) at the origin of AZ.

We define for curves as above

C-C'=> my(CNnC). (3)

q€eS
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One would want to extend the above definition to a symmetric bilinear pairing
DivS x DivS = Z (4)

so that it coincides with - on curves.

Theorem 4. There exists a unique symmetric bilinear pairing on Div S extending the in-
tersection on curves, satisfying the following properties

1. Dy Dy = Dy - Dy, i.e., (symmetric);

2. (Dy+Dy)-D'=Dy-D + Dy D, i.e., (bilinear);

3. Dy-D"'=Dy-D"if Dy = Dy + (f), i.e., if they are linearly equivalent.
The last condition implies that we actually get a well-defined pairing

Pic S x Pic S — Z, (5)

since Picard group is the group of divisors up to linear equivalence.

Fact. Given a sheaf £ € PicS and a smooth irreducible curve C' C S, then
C-L=0s(C)- L= deg(Llc) (6)
In particular, the above formula allows one to compute self-intersection of C' with itself
C-C=C-0s(0) = deg(Os(C)lo) (7)

Remark 5. Naively, you may think of self-intersection of C' with itself as the number of
intersections of C' with a slightly wiggled copy of C. Sadly, this does not make sense in
algebraic geometry, but it does make sense in smooth complex geometry.

Problem 4. Let C C P? be a degree d curve. Find the self-intersection number C' - C, and
check it with your intuition.

Problem 5. Use the adjunction formula to show that for any smooth curve C' C S

29(C) —2=C - (C + Ky) (8)
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Problem 6. Given a degree d surface S in P? and a generic hyperplane H C P3. Let us
denote by Cy the curve H N S inside S.

(a) Find self-intersection Cy - Cy.

(b) Find the genus ¢(Ch).

3 Blow-ups.

FALGEBRAIC GEOMETERS ON A IHGHT

We need to \ 3
blow up 6 points
on this plane! ’
¥ //
a3 .

Figure 1: A day from the life of an algebraic geometer.

First, let us describe the blow-up of A? at the origin.
Bl(g0)A* = {(X,{) | X is a point of the line £} C A* x P! 9)

Problem 7. Show that the following algebraic definition is equivalent to the geometric
definition given above:

Bl ,0) A? = {((z,y),[u: v] | 2v = yu} C A* x P! (10)

Let us note that we have a natural projection map

T Bl(070) Az — Pl
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which is 1-to-1 away from the origin, and above the origin it contracts a copy £ of P! onto
the origin. This curve E is called the exceptional divisor of Bl gy P2

More generaly, given P = [P, : P : P, in P? we define blow up of the plane P? at this
point via

Blp I[DZ = {P()LO + PlLl + P2L2 = XOLO -+ X1L1 + X2L2 - O} C ]P)_2Xv X ]P)% (11)

Problem 8. Check that in case of P =1[0: 0 : 1] you get the definition from before in the
appropriate affine chart.

Even more generally, given any surface S and a point p € S we can define its blow-up
m: BL,S— S (12)

for instance, using a local chart and the formula (10) (notice that it is not true that locally
any smooth surface is A2, but what is true is that the local ring of functions A admits a
choice of generators z and y, and one can use these two functions to define the blow up).
There is also a more elegant definition using Proj-construction.

Further, we denote by S’ the blow-up of S at a given point p. By E we denote the
exceptional divisor above p € S.

Definition 6. If C' is a curve on S, define the strict transform CS™® to be the closure of
the pullback of C' to S\ p, i.e.

et = g g(C' N S\ p) (13)

The proper transform is given by pulling back the defining equations of C, i.e., for in-
stance, we have

7T*05<C) — Oy(cproper)
Problem 9. Locally compute the proper and strict transforms of
{y* = 2°} and of {z® = ¢*}.

What do you notice?
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Problem 10. By working in local coordinates show that
Cproper — C«strict + mE, (14)

where m is the multiplicity of C' at point p. We say that C' has multiplicity m at point p if
locally C' = {f(z,y) = 0} and f is a polynomial whose lowest degree terms are of degree m.

Hint: consider chart Uy = {((xo,%0),[1 : v]) | yo = xov}. What is the equation for E in
this chart?

Problem 11. Given divisors Dy, Dy in S, show that

7T*D1 . 7T*D2 == Dl . DQ. (15)
E-mD=0, (16)
E-E=-1 (17)

(a) To prove the first two equations above, consider the case of D = C for some curve, and
use the fact that for any point p € S, a given divisor can be represented by a linear
combination of curves not passing through p (it is known as Serre’s moving lemma)

(b) For the latter take the curve C' passing through p with multiplicity 1 (e.g. take a
hyperplane section of S sitting inside a projective space). Then show using (a) and
geometric intuition that

Cstrict . E = 1’ Cproper . E = O,

and deduce the result based on this.

It should be clear by now that
Pic(S’) = Pic(S) ¢ Z (18)

with the new copy of Z generated by E

Problem 12. Show that
ICS/ = W*ICS + F.

Hint: it is clear that Kg = 7Kg + mE for some integer m. Find m using the adjunction
formula.



