
Intro to Mechanics
UCLA Math Circle, Advanced 1 
Prepared by Sebastian Martinez

Warm Up
Three points are located at the vertices of an equilateral triangle with side lengths 𝑎. The points all start 

moving simultaneously with velocity 𝑣 constant in magnitude, with the first point heading continually 

for the second, the second for the third, and the third for the first. How soon will the points converge? 

Hint: Consider changes in distance.
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Motion and Forces
Newton’s three laws give:

1. An object at rest remains at rest, and an object in motion remains in motion at constant speed and in a 

straight line unless acted upon by an unbalanced force.

2. The change of momentum of an object is proportional to the force impressed; and is made in the direction 

of a straight line in which the force is impressed.

3. The mutual actions of two bodies upon each other are always equal, and directed to contrary parts.

The momentum ⃗𝑝 is defined as the velocity × mass of an object, where velocity is also a vector. We 

stick mostly to ℝ2, employing purely geometric vectors. Newton’s Second Law, for objects with a fixed 

mass, is then

⃗𝐹 = d ⃗𝑝
d𝑡

= d
d𝑡
(𝑚 ⃗𝑣) = 𝑚d ⃗𝑣

d𝑡

Acceleration is given by ⃗𝑎 ≔d ⃗𝑣/ d𝑡 = d2 ⃗𝑥/ d𝑡2 giving the well known ⃗𝐹 = 𝑚 ⃗𝑎.

Problem 1

For a system of 2 objects which interact with each other once, express this interaction in terms of 

Newton’s 3rd law.

Common Forces

Gravitational Force

In the most general form the force of gravity between two objects of masses 𝑚1 and 𝑚2 which are at a 

radial distance 𝑟, measured in whatever unit system is most convenient, (feet, meters, light years) from 

each other is

𝐹𝑔 = 𝐺𝑚1𝑚2
𝑟2

𝐺 is some universal proportionality constant, but it still needs to be converted to match the units 

of measurement of 𝑟 and 𝑚. Even today 𝐺 is known with poor precision relative to other physical 

universal constants because of how weak gravity is compared to other forces like magnetic and electric 

forces. In this packet, most problems will be assumed to be conducted on or near the surface of the Earth. 

Labelling 𝑚1 as the Earth’s mass, we then set 𝑔 ≔ 𝐺𝑚1/𝑟2 ≈ 9.8m/s2 ≈ 10m/s2. Unless otherwise 

noted it is safe to assume that the gravitational force on any object on Earth is 𝐹𝑔 = 𝑚𝑔.

Normal Force

If gravity was the only force acting on you on Earth, you would sink through the ground. The 

ground exerts an opposing force to gravity called the normal force, denoted ⃗𝐹𝑁 , originating from the 

electrostatic repulsion between the electrons in your shoes and the ground. The normal force acts 

perpendicular to the contact surface between the object and the “ground,” and more generally is the 

minimum force necessary to prevent one object from sinking into another.
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Frictional Force

Friction is the force resisting the motion between objects along their contact surface. The first relevant 

kind is static friction, ⃗𝐹𝑠. Similar to the normal force, ‖ ⃗𝐹𝑠‖ equates to the force attempting to move 

a static object along a contact surface up until that force surpasses ⃗𝐹𝑠,max ≔ 𝜇𝑠‖ ⃗𝐹𝑁‖, at which point 

the object will begin to slide. Whilst in motion, the object then experiences kinetic friction, ⃗𝐹𝑘 ≔
𝜇𝑘‖ ⃗𝐹𝑁‖𝑣. Both 𝜇𝑘 and 𝜇𝑠 are called frictional coefficients and are empirically derived.

Tensions

Later on, we will introduce problems dealing with 

masses being held by strings. If an object is sus­

pended above the ground via a string, its tension 

equals that of the force of gravity in opposite direc­

tion. A better understanding can be found in the 

accompanying figure.

Problem 2

Mark which forces are gravitational, normal, or 

from tension. The rope is tied to the scaffold, and 

tied to a tiny loop on the ball. The mass of the rope 

is negligible.

Problem 3

Suppose a ball is thrown upward into calm air. Describe and draw the force vectors of the ball whilst 

airborne, ignoring air resistance. Then assume a constant breeze takes place and describe the force 

vectors in that scenario too, where air resistance is not negligible. Write down the equation of motion, 

meaning the equation of the forces governing motion, for the first scenario.
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Problem 4

You need to move a hefty box that is half your height that is currently stationary, which has a non-

negligible static coefficient of friction. If standing, do you push the box or pull it?

Problem 5

For an object experiencing a gravitational force and at some point of time contacting a “sturdy” object 

in any way, think of some scenarios for which ‖ ⃗𝐹𝑁‖ < ‖ ⃗𝐹𝑔‖ and ‖ ⃗𝐹𝑁‖ > ‖ ⃗𝐹𝑔‖.

Problem 6

A hunter on the ground spots a chicken on a tree some horizontal distance 𝑑 and height ℎ away. The 

moment the hunter shoots his rifle, the keen chicken will instantly step off the branch and fall to the 

ground. Assuming the bullet can travel much farther than the distance between the hunter and the 

chicken, at what angle should the hunter fire his rifle to hit the chicken. Hint: A recurring tool is to write 

down the forces in each direction, and then determine the conditions that a solution requires.
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Problem 7

Suppose a square slides down an immovable incline with angle of elevation 𝜃. Friction exists. Determine 

the forces on the square, and the acceleration of the square. This problem can be made easier by working 

with a new coordinate system.

Problem 8

Find the acceleration of rod 𝐴 and wedge 𝐵 in the arrangement shown below where the rods horizontal 

position is fixed by two side bars. The ratio of the mass of the wedge to that of the rod equals 𝜇, and 

the friction between all contact surfaces is negligible, Hint: If the position of the rod changes, how must 

the position of the wedge change? What does this mean for the relation of their accelerations?
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Problem 9

In the figure below, the masses 𝑚0, 𝑚1, and 𝑚2 are bodies of equal mass. The masses of the pulley 

and the threads are negligible, and there is no friction in the pulley. Find the acceleration 𝑤 with which 

the body 𝑚0 comes down, and the tension of the thread binding together the bodies 𝑚1 and 𝑚2, 

if the coefficient of friction between these bodies and the horizontal surface is equal to 𝑘. Consider 

possible cases.
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Conservation Principles and Center of Mass
The Principle of Conservation of Momentum gives that in a closed system, where nothing enters or 

exists, that total momentum is conserved. Similarly, the Principle of Conservation of Mass gives that 

in a closed system, total mass is always conserved.

When dealing with a system of objects, we often want to deal with the system as a whole rather than 

its individual particles. To do that we must consider the center of mass of a system, but to determine 

that we must examine Torque very briefly. If a force ⃗𝐹  is applied to a point, represented as a vector 
⃗𝑑 originating from a pivot point to that the coordinate of that point, the system experiences torque 

defined as 𝒯︀ ≔ ‖𝐹‖‖𝑑‖ sin 𝜃, where 𝜃 is the angle between the position vector and the force vector. 

Torque is considered positive if it originates from forces that induce counterclockwise movement and 

negative for clockwise movement.

Problem 10

The center of mass of a physical system is the point at which one can place a pivot so that the total 

torque the system experiences is 0. Determine the equation which gives the center of mass for a system 

of 𝑛 masses with finite distances located on a flat 1-D line. Consider simple cases of balancing a see-

saw to get started, which only involve gravity so that the angle between ⃗𝑑 and ⃗𝐹𝑔 is 𝜋/2.

Problem 11

Suppose a very light closed box is floating in space with a finite number of 𝑛 very light particles. The 

entire system is initially at rest. Then suppose a particle has been added with initial velocity ⃗𝑣𝑛+1 to 

the box. Describe the motion/velocity of the system.
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Problem 12

A pirate stands near one end of a raft floating in calm waters closest to a distant island. If the man 

walks to the other end of the raft, how does the position of the man change relative to the island, and 

the boat. What about for the boat?

Problem 13

Convince yourself that you may treat an entire system of masses as an individual particle located at 

the center of mass of a system. What does this mean in terms the equations for forces and momentum?

Problem 14

Suppose we have an infinite supply of books of uniform mass 𝑚 and length 𝓁︀, and a perfect square. 

Determine how to stack the books so that they achieve the most possible overhang over the edge of 

the square. How far can 2 or 3 books extend out? What about 𝑛 books? Hint: Consider what happens if 

you slide a book underneath an already “balanced” collection of books?
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Problem 15

Approach Newton’s second law without any regard to physics and assume that an object, say a rocket, 

has mass which varies over time. Give the equation for force in terms of changing masses and velocities 

under this perspective. Then, suppose this rocket is hovering above the ground so it is stationary and 

burning fuel. Show that this equation fails to properly prescribe the forces in this scenario, and reason 

as to why in light of the information given earlier.

Problem 16

Consider an object in space with no outside forces. The object moves with velocity ⃗𝑣(𝑡) and has mass 

𝑚(𝑡), with the condition that the object is continuously losing small amount of mass Δ𝑚 and slightly 

changes in velocity by Δ𝑣 over the small time period Δ𝑡. Assume that every excreted piece of Δ𝑚 

is imparted with velocity 𝑤 which is opposite in direction to 𝑣. Determine d𝑝/ d𝑡 by looking at the 

momentum of the entire system, and identify which term can be thought of as the “internal” force of 

the system. Assume that any product Δ𝑥 ⋅ Δ𝑦 of small quantities evaluates to 0
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Problem 17

Suppose the d𝑝/ d𝑡 = 0, from the setup given in the previous problem. In this case instead of any 

regular object we have a rocket in space! Let 𝑚0 be the initial mass of the rocket at time 𝑡0 = 0 and 𝑚𝑓  

the mass of the rocket after a period of time 𝑡𝑓 . Determine the rockets final velocity 𝑣𝑓  after 𝑡𝑓 , assuming 

that 𝑤⃗, the velocity of the ejected particles relative to the rocket’s velocity, is constant, and that 𝑣0 =
0. This problem is mostly differential calculus, so ask your peers or an instructor for help if needed.

[Optional: After solving the problem, now suppose the external force of gravity is present, and derive 

the equation relating for final velocity/mass]

The equation you have derived is called Tsiolkovsky rocket equation, but the credit likely belongs to 

physicist Meshcherskiy. This equation assumes the most idealized situation that there is no external 

force applied to the rocket, so no gravity. Note how Δ𝑣 is linked to the mass of the fuel expended, and 

how Δ𝑣 is independent of time. Also think about how this equation shows that multistage rockets are 

more efficient than single state rockets.
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Rotational Equivalences, Briefly
All linear properties we have discussed so far have rotational equivalences. Suppose an object travels 

along a circle with radius 𝑅 with constant tangential ‖ ⃗𝑣‖ in a uniform manner. As 𝑣 =d𝑥/ d𝑡, angular 

velocity is 𝜔 =d𝜃/ d𝑡, and as 𝑎 = d2𝑥/ d𝑡, then 𝛼 = d2𝜃/ d𝑡. Using the same convention as with 

torques, counter clock wise movement is considered positive and clockwise movement is considered 

negative.

Problem 18

Then for an object travelling a circular path at radius 𝑅, determine the relationship between tangential 

velocity ‖ ⃗𝑣𝑡‖ and 𝜔. Then use the picture below and properties of triangles to determine the magnitude 

of the linear radial acceleration (also called centripetal acceleration), and then the force which the object 

undergoes.

Problem 19

A scale measures the normal force it exerts to whatever is atop it. Suppose a person is standing on the 

equator. If the Earth stopped spinning yet retained its shape (and ignoring all catastrophic effects), how 

would the reading on the scale change as a percentage of the original reading. Take the person to have 

a mass of 60kg, and the tangential velocity at the equator to be 500m/s, and the radius of earth at the 

equator to be 6.5km.
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Problem 20

A bead rests at the top of a fixed frictionless hoop of radius R that lies in a vertical plane. The bead is 

given a tiny push so that it slides down and around the hoop. Find all points on the hoop for which the 

bead’s acceleration is strictly vertical. Use the fact that the bead’s speed after falling a height ℎ is given 

by 𝑣 =
√
2𝑔ℎ. Fact: There are more than 2 such spots.

Problem 21

A cyclist rides along the circumference of a circular horizontal plane of radius R, the friction coefficient 

being dependent only on distance r from the center O of the plane as 𝜇𝑘 = 𝑘0(1 − 𝑟
𝑅) where here 𝑘0 

is a constant. Find the radius of the circle with the centre at the point along which the cyclist can ride 

with the maximum velocity. What is this velocity?
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Problem 22

A chain of mass m forming a circle of radius R is slipped on a smooth round cone with half-angle 𝜃.Find 

the tension of the chain if it rotates with a constant angular velocity 𝜔 about a vertical axis coinciding 

with the symmetry axis of the cone. Assume that for appropiately small values that sin(𝑥) = 𝑥.

Problem 23

A small body 𝐴 starts sliding off the top of a smooth sphere of radius R. Find the angle θ corresponding 

to the point at which the body breaks off the sphere, as well as the break-off velocity of the body. Hint: 

The initial setup given is very similar to a previous problem. Identify what must condition must be met for 

“break-off” to occur.
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