The Extremal Principle

Useful Facts

1. Every finite nonempty set A of nonnegative integers or real numbers has a minimal element min A and a maximal
element max A, which need not be unique.

2. Every nonempty subset of positive integers has a smallest element. This is called the well-ordering principle, and it
is equivalent to the principle of mathematical induction.

3. An infinite set A of real numbers need not have a minimal or maximal element. If A is bounded above, then it has a
smallest upper bound sup A. If A is bounded below, then it has a largest lower bound inf A. If sup A O A, then sup A =
max A, and if inf A O A, then inf A = min A.

What is the Extremal Principle?
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The extremal principle is a problem-solving strategy in which we focus on an element that is “largest,” “smallest,”
“earliest,” “latest,” or otherwise extreme within a set of objects. By studying such an extremal object, we often gain
structural information that leads to a contradiction or reveals a hidden pattern. Many olympiad-style arguments use
this method implicitly. In the problems below, you should look for opportunities to choose an object with an extremal
property and analyze the consequences of that choice. The goal of this packet is not only to solve the problems, but
also to develop the habit of identifying and exploiting extremal configurations.

Problems

1. (a) Into how many parts at most is a plane cut by n lines?
(b) Into how many parts is space divided by n planes in general position?

2. Letn=5. Let s_n denote the number of regions into which n planes in general position divide space. Show that,
among the s_n space parts, there are at least (2n — 3)/4 tetrahedra.

3. There are n points given in the plane. Any three of the points form a triangle of area at most 1. Show that all n
points lie in a triangle of area at most 4.

4. Let S be a set of points in the plane. Each point in S is a midpoint of two points in S. Show that S is an infinite set.
5. In each convex pentagon, we can choose three diagonals from which a triangle can be constructed.
6. In every tetrahedron, there are three edges meeting at the same vertex from which a triangle can be constructed.

7. Each lattice point of the plane is labeled by a positive integer. Each of these numbers is the arithmetic mean of its
four neighbors: above, below, left, and right. Show that all the labels are equal.

8. There is no quadruple of positive integers (X, y, z, u) satisfying x2 + y2 = 3(z2 + u?).

9. Six circles have a common point A. Prove that there is one among these circles which contains the center of
another circle.

10. Find all positive solutions of the system of equations:

X1 + x2 = x32
X2 + X3 = x42



X3 + x4 = x52
X4 + x5 = x12
x5 + x1 = x22

Homework

1. Prove that every convex polyhedron has at least two faces with the same number of sides.
2. If n points of the plane do not lie on the same line, then there exists a line passing through exactly two points.

3. Let O be the point of intersection of the diagonals of the convex quadrilateral ABCD. Prove that, if the perimeters of
the triangles ABO, BCO, CDO, and DAO are equal, then ABCD is a rhombus.



