AMC 8 Training: More Modular Arithmetic

Connor Zhao

1 Warm-Up Review

These problems review the key ideas from last week.

Problems

Problem 1.1. What is the remainder when 3* is divided by 77?

Problem 1.2. What is the remainder when 1! 4 2! + 3! + ... 4+ 10! is divided by 10?7
Problem 1.3. What is the remainder when 29 - 3% is divided by 77

Problem 1.4. The four-digit number 3a4b is divisible by 11. Find all possible values of a — b.

Problem 1.5. Show that 7 | 43" — 1 for every positive integer n.

2 Finding Remainders

When finding the remainder of a large expression, reduce each piece mod m first, then
combine.

Example. Find the remainder when 13 + 23 4 ... 4 10% is divided by 5.

The cubes mod 5 cycle as 0,1, 3,2,4,0, 1, 3,2,4. Each full cycle of five sums to 0+1+3+2+4 =
10 =0 (mod 5), so the total is =0 (mod 5).

Problems

Problem 2.1. Find the remainder when 1 + 2 + 3 + - - - + 2026 is divided by 7.
Problem 2.2. Find the remainder when 1-2-3---15 is divided by 7.

Problem 2.3. Find the remainder when 100'% is divided by 7.

Problem 2.4. Find the remainder when 2! + 22 + ... + 2100 is divided by 3.

Problem 2.5. Let N = 44 ---4 be the number consisting of 2026 fours. Find the remainder
—

2026
when N is divided by 7.



3 Counting with Remainders

Integers satisfying n = r (mod m) form an arithmetic sequence. Counting how many lie in
a range is the key skill here.

Example. How many integers from 1 to 100 satisfy n =3 (mod 7)?

The sequence is 3,10,17,...,94. This is an arithmetic sequence with first term 3, common
difference 7, and last term 94 = 3 + 7 - 13. So there are 14 such integers.

Problems

Problem 3.1. How many integers from 1 to 200 are divisible by 67

Problem 3.2. How many integers from 1 to 1000 are divisible by 6 but not by 97

Problem 3.3. How many integers from 1 to 1000 leave a remainder of 2 or 5 when divided
by 77

Problem 3.4. A positive integer n < 200 satisfies n = 2 (mod 3) and n = 2 (mod 5). How
many such n are there?

Problem 3.5. How many two-digit numbers n satisfy n? =1 (mod 8)?

4 Divisibility Arguments

To show m | f(n) for all integers n when f is a polynomial, check all residuesn =0,1,...,m—
1 and verify f(n) = 0 in each case. This works because polynomials preserve congruences: if
n =z (mod m), then f(n) = f(z) (mod m) (by the addition and multiplication rules from
last week).

Example. Show that n? — n is always even.
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Since n®* —n =n(n — 1), one of n or n — 1 is always even, so 2 | n(n — 1).

Problems
Problem 4.1. Prove that no perfect square has a remainder of 2 or 3 when divided by 4.
Problem 4.2. Prove that 8 | n? — 1 for every odd integer n.

Problem 4.3. Show that 5 | n> — n for every integer n.



Problem 4.4. Prove that 7 | 32"*! 4 2"%2 for every non-negative integer n. Note that this
is not a polynomial, so the method mentioned above does not work. Instead,
use algebraic manipulation to simplify the expression.

5 AMC Style Problems

Problem 5.1. What is the remainder when 22°¥ is divided by 57
(A) 0 (B) 1 (C) 2 (D) 3 (E) 4
Problem 5.2. How many integers between 1 and 100 inclusive are divisible by neither 2 nor
37
(A) 16 (B) 17 (C) 33 (D) 34 (E) 50
Problem 5.3. Charles lists the integers from 1 to 2025. He crosses off all multiples of 3, then

all multiples of 5. How many numbers are left?

(A) 1008 (B) 1075 (C) 1080 (D) 1085 (E) 1090

Problem 5.4. What is the units digit of 77" ?
(A) 1 (B) 3 (€))7 (D) 9 (E) 0

Problem 5.5. A positive integer n satisfies: remainder 4 when divided by 5, and remainder
2 when divided by 7. What is the smallest such n?

(A)9 (B) 14 (C) 23 (D) 30 (E) 44

Problem 5.6. Mr. Jones has eight children of different ages. On a family trip his oldest
child, who is 9, spots a license plate with a 4-digit number in which each of
two digits appears two times. ”Look, daddy!” she exclaims. ”That number is
evenly divisible by the age of each of us kids!” ” That’s right,” replies Mr. Jones,
"and the last two digits just happen to be my age.” Which of the following is
not the age of one of Mr. Jones’s children?

(A4 B)s5 (6 DT (E)S
Problem 5.7. Find the remainder when 33 - -3 (2026 threes) is divided by 8.

2026

6 Challenge Problems

Problem 6.1. Mrs. Walter gave an exam in a mathematics class of five students. She entered
the scores in random order into a spreadsheet, which recalculated the class
average after each score was entered. Mrs. Walter noticed that after each



Problem 6.2.

Problem 6.3.

Problem 6.4.

Problem 6.5.

Problem 6.6.

Problem 6.7.

Problem 6.8.

score was entered, the average was always an integer. The scores (listed in
ascending order) were 71, 76, 80, 82, and 91. What was the last score Mrs.
Walter entered?

If n! denotes the product of the integers 1 through n, what is the remainder
when (1! + 2! + 3! + 4! + 5! 4+ 6! + ...) is divided by 97

Find all integers n such that n? =n (mod 6).

Suppose a = 3 (mod 7) and b =5 (mod 7). Find the remainder when a*b? +
2ab is divided by 7.

How many 4-digit palindromes are divisible by 3?7 (A palindrome reads the
same forwards and backwards, e.g., 1221.)

The number N = 1! 4+ 2! 4+ 3! 4 ... 4 100! is divided by 18. What is the
remainder?

Show that for any prime p > 5, we have 24 | p* — 1.

In year N, the 300th day of the year is a Tuesday. In year N + 1, the 200th
day is also a Tuesday. On what day of the week did the 100th day of the year
N 1 occur?

7 Homework

Problem 7.1.

Problem 7.2.

Problem 7.3.

Problem 7.4.

Problem 7.5.

Find the units digit of 1' 4 2% + 33 4 ... + 10%.

A number n leaves remainder 3 when divided by 5 and remainder 1 when
divided by 4. What is the smallest positive value of n?

Find the last two digits of 72026, (That is, find 7292 (mod 100).)

When 30! is computed, it ends in 7 zeros. Find the digit that immediately
precedes these zeros.

Find the remainder when 13 + 23 + 3% + - .. + 2025? is divided by 9.



