ORMC AMC 10/12 26S WEEK 6: CIRCLES!

ORMC AMC 10/12 Reference Sheet

POWER OF A POINT (PoOP)

For any circle and a point P, the Power of Point P with respect to the circle is a constant value depending
only on the distance from P to the center of the circle and its radius (d? —r?). Because this value is constant,
any line drawn through P that intersects the circle at two points A and B satisfies:

PA . PB = constant

This is used in three geometric scenarios:

Case 1: Intersecting Chords (Interior P). If two chords AB and C'D intersect inside a circle at point
P, then:

PA-PB=PC-PD
C B

Case 2: Secant-Secant. If two secant lines are drawn from an external point P intersecting the circle at
A, B and C, D respectively:

PA-PB=PC-PD

Case 3: Tangent-Secant. If one line is tangent to the circle at 7" and a secant line passes through A and
B:

PT?=PA-PB
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RaADICAL AXIS AND RAaDICAL CENTER

Radical Axis: The locus of points that have the same power with respect to two circles is a straight line
called the radical axis. If the two circles intersect, their radical axis is simply the line passing through their
common intersection points (the common chord).

Radical Center Theorem: If you have three mutually intersecting circles, their three radical axes in-
tersect at a single concurrent point called the Radical Center. At this point, the power to all three circles
is exactly the same.

THE INCENTER-EXCENTER LEMMA

Let I be the incenter of AABC. Let the angle bisector Al intersect the circumcircle of AABC' at point
M (which is the midpoint of arc BC'). Then M is the center of a circle passing through B, I, C, and the
excenter [4.

MB=MI=MC=DMI4s
A




PROBLEMS

Problem 1. Consider AABC with side lengths AB = 13, AC = 18, and BC = 21.The incircle of the
triangle is tangent to side BC' at point D.The A-excircle (the excircle opposite vertex A) is tangent to side
BC at point E.What is the length of the segment DE?

Problem 2. Circle C; and C5 each have radius 1, and the distance between their centers is % Circle C5 is
the largest circle internally tangent to both Cy and C5. Circle C} is internally tangent to both Cy and Cy
and externally tangent to C's. What is the radius of Cy?
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Problem 3. Let w be a circle centered at O with diameter AB, where AB = 50. In triangle ABC, AC =
BC and OC = AB. If triangle ABC intersects w at two other points D and E, compute DE.

Problem 4 (Descartes’ Circle Thm). Three circles have radii 1, 2, and 3, and they are mutually externally
tangent. A fourth circle lies in the interior of the triangle connecting the centers of the first three circles
and is externally tangent to all three. Its radius can be expressed in the form § for relatively prime positive
integers a, b; compute a + b.

Problem 5. Circle C' with radius 2 has diameter AB. Circle D is internally tangent to circle C' at A. Circle
E is internally tangent to circle C, externally tangent to circle D, and tangent to AB. The radius of circle
D is three times the radius of circle E, and can be written in the form /m — n, where m and n are positive
integers. Find m + n.

Problem 6. Let I be the incenter of AABC. The angle bisector of A intersects the circumcircle of AABC
at point M (which is the midpoint of arc BC). We are given two lengths: MT = 10BC = 16

Problem 7. Let I be the incenter of AABC. The angle bisector of ZA intersects the circumcircle at M. If
MI =17 and BC = 30, compute the area of the quadrilateral IBMC'



Problem 8. Let AABC be a right triangle with ZABC = 90°. Let the circle with diameter BC' intersect
AC at D. Let the tangent to this circle at D intersect AB at E. What is the value of g—g?

Problem 9. Let ABCD be a trapezoid with bases AB = 50 and CD = 125, and legs AD = 45 and
BC = 60. Find the area of the intersection between the circle centered at B with radius BD and the circle
centered at D with radius BD. Express your answer as a common fraction in simplest radical form and in
terms of .

Problem 10. Let I' and € be circles that are internally tangent at a point P such that I' is contained entirely
in Q. Let A, B be points on §2 such that the lines PB and PA intersect the circle I" at Y and X respectively,
where XY # P. Let O; be the circle with diameter AB and Oy be the circle with diameter XY. Let F be
the foot of Y on X P. Let T and M be points on O and Os respectively such that TM is a common tangent
to O1 and O,. Let H be the orthocenter of AABP. Given that PF = 12, FX = 15,TM = 18, PB = 50,
find the length of AH.

Problem 11. ©A, centered at point A, has radius 14 and ® B, centered at point B, has radius 15. AB = 13.
The circles intersect at points C and D. Let E be a point on ®A, and F' be the point where line EC' intersects
©®B again. Let the midpoints of DE and DF be M and N, respectively. Lines AM and BN intersect at
point G. If point E is allowed to move freely on ®A, what is the radius of the locus of G?

Problem 12. Let ABC be an equilateral triangle. Let P and @ be points on AB and AC, respectively,
such that AP = C(Q. Let BQ and CP intersect at R. What is mZBRC?

Problem 13. In the diagram below, three circles of radius 2 are internally tangent to a circle A centered at
O of radius 11, and three chords of A are each tangent to two of the three circles. Given that O lies inside
the triangle formed by the three chords and two of the chords have length 41/30, compute the length of the
third chord.
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Problem 14. Let I be the incenter of AABC. Let the angle bisector Al intersect the circumcircle of
AABC at point M (which is the midpoint of arc BC'). Then M is the center of a circle passing through B,

I, C, and the excenter I4.
MB=MI=MC=MI4

Problem 15. A semicircle is inscribed in another semicircle if the smaller semicircle’s diameter is a chord
of the larger semicircle, and the smaller semicircle’s arc is tangent to the diameter of the larger semicircle.
Semicircle S is inscribed in a semicircle S, which is inscribed in another semicircle S3. The radii of S; and
S3 are 1 and 10, respectively, and the diameters of S; and S5 are parallel. The endpoints of the diameter of
Ss are A and B, and Sy’s arc is tangent to AB at C. Compute AC - CB.
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HOMEWORK

Problem 16. A circle w has a radius of 13. A tangent line L touches the circle at point A. A secant line,
perfectly parallel to L, intersects the circle at points X and Y. The length of the chord XY is 24.(Assume
the chord XY is on the same side of the center as the tangent line). If you draw perpendiculars from X and
Y down to the tangent line L, they hit at points P and @ respectively, forming a rectangle XY QP. What
is the exact area of this rectangle?

Problem 17. Let AB and CD be two parallel external tangents to circle K, such that AB is tangent to C
at A, CD is tangent to K at C, and AC does not intersect BD. If BD is also tangent to K at a point E, AB
=4, and CD = 9, then compute the area of K.

Problem 18 (hard, optional). Circles w; and w9 intersect at two points P and @, and their common tangent
line closer to P intersects w; and wo at points A and B, respectively. The line parallel to AB that passes
through P intersects w; and wsy for the second time at points X and Y, respectively. Suppose PX = 10,
PY = 14, and PQ = 5. Then the area of trapezoid X ABY is m+/n, where m and n are positive integers
and n is not divisible by the square of any prime. Find m + n.

Problem 19. Three circles, wy, wo, and w3, mutually intersect one another. Let R be their radical center.
The common chord of w; and ws passes through R, is perfectly bisected by R, and has a total length of 12.
The common chord of ws and ws also passes through R and has a total length of 13. Point R divides this
second chord into two segments. What are the lengths of these two segments?

Problem 20. In AABC, let I be the incenter. The angle bisector of ZA intersects side BC at point D and
extends to intersect the circumcircle of AABC at point M. We are given the following lengths:

Al =9
IM =6
What is the exact length of the segment M D?



