Here is a picture of Dale Rolfsen, Roger Fenn and Colin Rourke. Dale Rolfsen
wrote the famous knot theory textbook Knots and Links and passed away two
weeks ago which makes it appropriate that we learn about knots today...

Figure 1: Left to right: Dale Rolfsen, Roger Fenn and Colin Rourke



1. Puzzlement

Why can you remove the rope from the carabiners?




2. Knot Projections

A knot projection is a drawing of a knot on the page.

1. Show that the following knot is the trefoil knot, either construct it out of
pipe cleaners and deform one to the other, or draw a sequence of pictures
that show the deformation from one to the other.




2. Use pipe-cleaners to show that the following three projections are of the
same knot (called the figure eight knot).
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3. Show that the following knot is actually the unknot (either through
diagrams or pipe-cleaners).




4. Use your pipe-cleaners to create an unknot, trefoil, or figure-eight knot,
draw an interesting projection of it, and pass it to a partner who will
figure out which knot it is.



3. Composite and prime knots

Given two knots K, K we may combine them.
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This operation is called the connected sum K #IK. If a knot is the connected
sum of two non-trivial knots it is called composite, else it is called prime.
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2. The following knots are composite knots. Determine which knots they
can be decomposed as.
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3. Create two small prime knots out of pipe cleaners, then connect sum
them and give them to a partner to make sense of.

4. Here is an example of two distinct knots which are made of the same
factor knots.
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4. Orientation and composite knots

If we draw an arrow on our knot, we say it is oriented.

1. Knots (a) and (b) are connect sums where the orientations match, knot
(c) is a connect sum where the orientations do not match.
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2. Show that if two knot projections are connect sums where the orienta-
tions match, they must represent the same knot. Conclude that (a) and
(b) are the same knot.
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3. Show that the trefoil knot is invertible. That is, show that after choosing
an orientation on the trefoil knot, it can be deformed into the opposite
direction.

Why does this imply that knots (a), (b) and (c) are the same.
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5. Reidemeister moves

Here are the three Reidemeister moves. These moves, together with planar
isotopies (wiggling parts of the projection without changing the crossings) will
allow us to move between any two projections of the same knot.
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Type I Reidemeister move.
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Type III Reidemeister move.
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1. Sketch the sequence of Reidemeister moves and planar isotopies that
shows that the first two projections are of the same knot, and the second
two projections are of the same knot.
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2. Use pipe cleaners to make the following knot, then show it is the unknot.
Consider the sequence of Reidemeister moves you use. If you want write
them down.
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6. Links and linking number

A link is a (perhaps intertwined) collection of knots.
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A link is splittable if it can be moved to two separate knots without making
any cuts.

1. Use pipe cleaners to show that the following link is splittable.
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2. We use the following convention to compute the linking number of an

oriented link.
+1 -1

3. Compute the linking number of the following links. Can you conclude

anything from what you get?
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4. Use the Reidemeister moves to prove that the linking number is an in-
variant of oriented links.

5. Construct the Borromean rings out of pipe cleaners. Check that remov-
ing any one of the three components makes the link splittable. Find a
link with four components that has the same property. This generaliza-
tion is called a Brunnian link.
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7. Tricolorability

A knot is tricolorable if it can be colored in the following way.

More precisely: a knot is tricolorable if you can color the knot using at least
two different colors following two rules: (1) Each time the picture of the string
crosses itself on the page, the string crossing is colored with either a single
color or three different colors. (2) The string only changes color when you
can’t see it (when it goes under another part of the string on the page).

1. Show that the figure eight knot is not tricolorable.
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2. Which of the following knots are tricolorable.
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3. Show that tricolorability is preserved under the Reidemeister moves.

4. Show that if K is any knot and K is a tricolorable knot then K#K is
tricolorable.
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8. The bracket polynomial

1. We begin our journey with the bracket polynomial. We want it to satisfy
the following three rules:

Rule 1: <O>=1

Rule2: <X>=A<)(+B<>3>
<X>=A<>+B<)(>

Rule 3: <LUO>=C<L>

Note: the bracket
polynomial is a
polynomial in the
variable A
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2. We want X—yto be invariant under the second Reidemeister move. What
relationships between A, B and C' can you deduce?

Check that with your choices of A, B, C the bracket polynomial is in-
variant under the second Reidemeister move.
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3. Compute the bracket polynomial of the Hopf link and the trefoil, both
using the standard projections.
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4. Show that the bracket polynomial does not stay constant under Reide-
meister I moves. :(

9. The Jones polynomial

We want to understand how the bracket polynomial acts under Type I Reide-
meister moves:

1. Write X~ yas a polynomial in A multiplied by X—.

2. Write X6 yas a polynomial in A multiplied by x—V.
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3. Choose an orientation for your link projection L. The writhe of the
projection wplLqis the sum of U1 where for each crossing, we make the
following choices.
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4. Calculate the write wplLqof the following projection:
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5. Show that the writhe is invariant under Type 2 and Type 3 Reidemeister
moves and only changes by 1 under Type 1 move.
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6. The Jones Polynomial is an invariant of oriented links, given by
JpLg O p«A3g V-9 Ly. (9.1)

Calculate the Jones Polynomial of the unknot, Hopf link, and trefoil.
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