ORMC AMC 10/12 26S WEEK 5: ADVANCED GEOMETRY, TRIGONOMETRIC
METHODS

ORMC AMC 10/12 Reference Sheet

THE LAWS OF TRIANGLES

For any triangle AABC with side lengths a, b, ¢ opposite angles A, B, C":

Extended Law of Sines. Relates the sides and angles to the circumradius R (the radius of the circum-
scribed circle).
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Law of Cosines. A generalized Pythagorean theorem. Useful for finding a third side when two sides and
the included angle are known, or finding an angle when all three sides are known.
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Harmonic Addition Theorem (Auxiliary Angle Formula). Any linear combination of sine and cosine
with the same angle can be condensed into a single trigonometric function. For any real numbers X and Y:

Xsinf+ Y cosf =+ X2+ Y2sin(0 + ¢)
where ¢ is an angle such that cos ¢ = \/% and sin ¢ = \/ﬁ

Note: Because the maximum value of any sine function is 1, this immediately proves that the maximum
possible value of the expression X sinf + Y cosf is exactly v X2 + Y2,
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Cosine Difference & Sum
cos(A — B) = cos(A) cos(B) + sin(A) sin(B)
cos(A + B) = cos(A) cos(B) — sin(A) sin(B)

TRIANGLE AREA FORMULAS
Let K be the area of AABC, s = %HC be the semiperimeter, R be the circumradius, and r be the

inradius.
e Sine Area Formula: K = %ab sinC = %bcsinA = %ac sin B

e Area by Circumradius: K = 4%

e Area by Inradius: K =rs
e Heron’s Formula: K = \/s(s —a)(s — b)(s — c)

CEVIANS AND BISECTORS

Stewart’s Theorem For any cevian of length d that divides side a into segments of length m and n (such

that m +n = a):
man + dad = bmb + cnc
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Angle Bisector Theorem If a cevian of length d bisects angle A, dividing side a into segments m (closer

to ¢) and n (closer to b):
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CyCLIC QUADRILATERALS

For a quadrilateral inscribed in a circle with side lengths a, b, ¢, d, diagonals e, f, and semiperimeter s:

Opposite Angles. Opposite angles sum to 180°. This creates highly useful trigonometric properties:
A+ C=180° = sinA =sinC
= cosA = —cosC
Ptolemy’s Theorem The product of the diagonals equals the sum of the products of opposite sides.
ef =ac+bd

Brahmagupta’s Formula The maximum possible area for a quadrilateral with given sides occurs when it
is cyclic.

K=1/(s—a)(s = b)(s —c)(s — d)

ADVANCED TRIANGLE PROPERTIES

Trigonometric Ceva’s Theorem. Let P be a point inside AABC. Let lines AP, BP,CP intersect the
opposite sides at D, E, I’ respectively. The cevians are concurrent if and only if:

sin(ZCAP) sin(£LABP) sin(£BCP)
sin(ZBAP) sin(ZCBP) sin(ZACP)
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EXAMPLE WALKTHROUGH: TRIGONOMETRIC EXTREMIZATION (COORDINATE TRIG)

Many optimization problems in geometry (like maximizing perimeters, areas, or weighted sums of segments)
become algebraic nightmares if you try to use distance formulas or calculus. By parametrizing the geo-
metric points with a trigonometric angle, we can reduce the problem to finding the maximum of a single
trigonometric function.

The Problem: A point P is allowed to move freely along the first-quadrant arc of a circle of radius R = 10
centered at the origin (0,0). Let X be the projection (perpendicular drop) of P onto the x-axis, and YV
be the projection of P onto the y-axis. What is the exact maximum possible value of the weighted sum
3PX 4+ 4PY, and what are the exact lengths of PX and PY that achieve this?

Y
PY = 10cos® P(10cosf,10sin 0)
DR gty A
R=10 : ,
' PX\=10sinf
0 |
' x
@) X

Step 1: Parametrize with Trigonometry. Since P is on a circle of radius 10, we can define its location
using an angle 6 measured from the positive x-axis. Using standard polar coordinate substitution, the
coordinates of P are (10cosf,10sin6).

Step 2: Express Geometric Lengths as Trig Functions. Looking at our rectangle OX PY:

e The distance PX is the vertical height of the point (the y-coordinate), so PX = 10sin6.
e The distance PY is the horizontal width of the point (the x-coordinate), so PY = 10 cos 6.

Step 3: Build the Trigonometric Equation. We want to maximize the sum S = 3PX +4PY . Substitute
our trigonometric lengths into the expression:

S =3(10sin ) 4+ 4(10 cos §)

S =30sinf + 40cos

Step 4: Apply the Harmonic Addition Theorem. The geometry is now completely gone! We are left
with a single trigonometric equation. According to the Harmonic Addition Theorem from your reference
sheet, any linear combination X sinf + Y cos 6 condenses into a single sine wave, and its maximum possible

value is exactly VX2 + Y?2.
Maximum Value = /302 + 402 = /900 + 1600 = v/2500 = 50

Step 5: Find the Dimensions at the Maximum. This maximum occurs when the sine and cosine are
proportional to their coefficients, forming a 30 — 40 — 50 right triangle ratio. Therefore, at the exact moment

this maximum is achieved:
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Substitute these fractions back into our length formulas from Step 2 to find the exact dimensions of the

rectangle:

PX =10sinf = 10 <§> =6

4
PY =10cosf =10 (5> =8



PROBLEMS

Problem 1. Let A3 A;A3A4 A5 be a regular pentagon with side length s and diagonal length d. Find the
value of %.
Hint: Ptolemy

Problem 2. Without using a calculator, find the exact value of cos(36°)

Problem 3 (harder). Draw all five diagonals of the regular pentagon A; Ay A3 A4 A5 with side length s. The
intersections of these diagonals form a smaller, inverted regular pentagon in the center. What is the ratio of
the area of the smaller pentagon to the area of the larger pentagon?

Problem 4. You are given three rigid, unbendable segments of length 8,8, and 8. You want to connect
them end-to-end to form a polygonal chain ABC'D. You are allowed to add a fourth straight segment DA
of any length you want to close the shape into a quadrilateral. What is the maximum possible area of this
quadrilateral?
Hint: Reflect.

Problem 5. A cyclic quadrilateral has a fixed perimeter of 36. Two adjacent side lengths are permanently
fixed at 4 and 10. You are allowed to adjust the lengths of the remaining two sides to maximize the area.
What are the lengths of the remaining two sides, and what is the maximum exact area?

Problem 6 (hard). In AABC, you are given that angle ZC' = 60° and the opposite side length is ¢ = /3.
You are allowed to adjust the other two sides, a and b (and their respective angles), to maximize the value
of the weighted sum 2a + b. What is the exact maximum possible value of 2a 4+ b, and what are the exact
side lengths of a and b that achieve it?

Hint: Ptolemy. Ezxpress all quantities in terms of the circum-radius, and a carefully chosen angle.

Problem 7. A rectangle ABCD is inscribed in a circle of radius 5. What is the exact maximum possible
value of the weighted sum 3AB + 4BC, and what are the dimensions of the rectangle that achieve this?

Problem 8. A point P lies in the first quadrant on a circle of radius 20 centered at the origin (0,0). Let X
be the projection (perpendicular drop) of P onto the x-axis, and Y be the projection of P onto the y-axis.
What is the exact maximum possible area of the rectangle formed by the points (0,0), X, P, and Y if we
constrain the point P such that PX + 2PY = 307

Problem 9. Let AABC be a right isosceles triangle with legs AB = AC' = 10, inscribed in a circle. A point
P is allowed to move freely along the arc BC that does not contain A. You want to maximize the value of
the weighted sum 3PB + 4PC. What is the exact maximum value, and what are the exact lengths of PB
and PC that achieve it?

Hint: Draw angles from the center, or use Cauchy-Schwarz: (22 + y?)(u? 4+ v?) > (2u + yv)?



Problem 10 (hard). Let AABC be an equilateral triangle with side length 8 inscribed in a circle. A point
P is chosen to move freely anywhere along the minor arc BC.What is the exact maximum possible value of
the weighted product PA - (PB + 2PC'), and what must the angle ZPAC be to achieve this?

Hint: Ptolemy

Problem 11. In AABC, AB =4, AC =5, and BC = 6. The median AM and the angle bisector AD are
drawn. A third cevian, AS, is drawn such that the angle bisector AD perfectly bisects ZM AS. (The cevian
AS is known as a symmedian). Find the exact length of the segment BS.

Hint: Ceva

Problem 12. Let AABC be an isosceles triangle with AB = AC and a vertex angle of ZA = 80°.A point
P is chosen inside the triangle such that ZPBC = 10° and ZPCB = 30°.Find the exact measure of ZPAC
in degrees.

Problem 13. In AABC (AB = 13,BC = 14, AC = 15), let AD be the angle bisector of ZA, with D on
BC'. Let I be the incenter of AABC. What is the exact ratio of }%?

Problem 14. A right circular cone has a base radius of r = 3 and a slant height of L = 12. An ant starts
at a point A on the circular edge of the base. It wants to crawl around the curved surface of the cone to
a point B that is exactly halfway up the slant height on the exact opposite side of the cone. What is the
shortest possible distance the ant can travel?

Problem 15. You are flying from Oslo, Norway (59.9° N, 10.7° E) to Puvirnituq, Canada (60.0° N, 77.3° W).

You have two choices for your flight path:

e Path A (The Map Route): Fly due West, staying exactly on the 60° North latitude line the entire
way.

e Path B (The Geodesic): Fly the true shortest distance across the curved surface of the Earth (a
Great Circle).

By what approximate ratio is the true shortest path (B) shorter than the constant-latitude path (A)? You
can leave your answer in terms of the inverse cosine function.

Hint: The approzimate longitudinal separation is 90 degrees. Use the cosine rule to find the angle between
the two position vectors.

HOMEWORK

Problem 16. In AABC, the side lengths are a =8, b =09, and ¢ = 7. A cevian BD is drawn such that it
perfectly bisects /B, meeting side AC' at point D. Find the exact length of the angle bisector BD.

Problem 17. A right circular cone has a base radius of 7 = 5 and a slant height of L = 15. A spider starts
at a point A on the circular edge of the base. It wants to crawl across the curved surface to a point B, which
is located exactly one-third of the way up the slant height (a distance of 10 from the base, or 5 from the
apex) on the exact opposite side of the cone. What is the shortest possible straight-line distance the spider
can travel across the unrolled surface?



Problem 18. You are a pilot tasked with flying a cargo plane between two cities located exactly on the
45th parallel North.

e City 1 is Wausau, Wisconsin, at 45° N, 90° W.

e City 2 is Qitai, Xinjiang, China at 45° N, 90° E.

Notice that their longitudes are exactly 180° apart (they are on exact opposite sides of the globe horizontally).
You have two choices for your flight path:

e Path A (The Map Route): Fly due West (or due East) along the 45° North latitude line.

e Path B (The Geodesic): Fly the true shortest distance across the curved surface of the Earth.
Assuming the Earth is a perfect sphere, what is the exact ratio of the length of the true shortest path (Path
B) to the length of the constant-latitude path (Path A)?

Hint: See problem 15.

Problem 19 (hard, optional). You draw a regular pentagon A;AsA3A4As. By extending all five of its
sides outward until they intersect, you form a perfect 5-pointed star (a pentagram). If the exact area of the
original inner pentagon is 10, what is the exact total area of the entire 5-pointed star (you can leave your
answer as a trig ratio?)

Problem 20. In AABC, the side lengths are AB = 13, BC' = 14, and AC = 15. Let I be the incenter of
the triangle. A line is drawn through I parallel to side BC, intersecting AB at point M and AC at point
N. What is the exact perimeter of AAMN?



