
The Invariance Principle

1. Suppose the positive integer n is odd. First Al writes the numbers 1, 2, . . . , 2n on the black-
board. Then he picks any two numbers a, b, erases them, and writes instead |a − b|. Prove
that an odd number will remain at the end.

2. Start with an 8× 8 chessboard and remove two opposite corner squares. Can the remaining
squares be completely tiled by dominoes, with no overlaps and no domino extending beyond
the board?

3. We strike the first digit of the number 71996, and then add it to the remaining number. This
process is repeated until a number with 10 digits remains. Prove that this number has two
equal digits.

4. Each of the numbers a1, . . . , an is 1 or −1, and we have

a1a2a3a4 + a2a3a4a5 + · · ·+ ana1a2a3 = 0.

Prove that 4 | n.

5. A circle is divided into six sectors. Then the numbers 1, 0, 1, 0, 0, 0 are written into the sectors
(counterclockwise, say). You may increase two neighboring numbers by 1. Is it possible to
equalize all numbers by a sequence of such steps?

6. Start with the set {3, 4, 12}. In each step you may choose two of the numbers a, b and replace
them by 0.6a− 0.8b and 0.8a+0.6b. Can you reach the goal (a) or (b) in finitely many steps:

(a) {4, 6, 12}, (b) {x, y, z} with |x− 4|, |y − 6|, |z − 12| each less than
1√
3
?

7. The integers 1, . . . , 2n are arranged in any order in 2n places numbered 1, . . . , 2n. Now
add each integer to its place number. Prove that two of the resulting sums have the same
remainder modulo 2n.

8. Each term in a sequence 1, 0, 1, 0, 1, 0, . . ., starting with the seventh term, is the sum of the
last 6 terms modulo 10. Prove that the sequence . . . , 0, 1, 0, 1, 0, 1, . . . never occurs.

9. Is it possible to transform f(x) = x2 + 4x + 3 into g(x) = x2 + 10x + 9 by a sequence of
transformations of the form

f(x) → x2f

(
1

x
+ 1

)
or f(x) → (x− 1)2f

(
1

x− 1

)
?

10. n numbers are written on a blackboard. In one step, you may erase any two of the numbers,
say a and b, and write instead a+b

4 . Repeating this step n − 1 times, one number remains.
Prove that if initially there were n ones on the board, then at the end a number not less than
1
n will remain.
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11. Start with n pairwise different integers x1, x2, . . . , xn, where n > 2, and repeatedly apply the
transformation

T : (x1, . . . , xn) 7→
(
x1 + x2

2
,
x2 + x3

2
, . . . ,

xn + x1
2

)
.

Show that T, T 2, . . . eventually leads to nonintegral components.

Homework

1. Start with the positive integers 1, . . . , 4n− 1. In one move, you may replace any two integers
by their difference. Prove that an even integer will be left after 4n− 2 steps.

2. Does the sequence of squares contain an infinite arithmetic subsequence?

3. The n holes of a socket are arranged along a circle at equal unit distances and numbered
1, . . . , n. For which n can the prongs of a plug fitting the socket be numbered so that, in
every plug-in position, at least one prong goes into a hole of the same number?
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