ORMC AMC 10/12 26S WEEK 4: INTRODUCTION TO TRIGONOMETRY
ORMC AMC 10/12 Reference Sheet

Basic GEOMETRY & ALGEBRA

British Flag Theorem (Rectangles)
For any point P inside a rectangle ABCD:

PA%? + PC? = PB? + PD?

Vieta’s Formulas for Cubics

For any cubic polynomial az® + bx? + cx + d = 0 with roots 71,72, 73:
Sum of roots: r; +7ry +1r3 = 73
Pairwise product sum: 7173 +rorsg +r37r; = ¢

Product of roots: rirqors = —d

a
Sum of squares identity: 77 + 13 + r2 = (r1 + 12 +13)? — 2(r1r2 + ror3 + 1371)

FUNDAMENTAL TRIGONOMETRIC IDENTITIES

Pythagorean Identity
sin?(0) + cos?(0) = 1

Co-Function Identities (Useful for telescoping products/fractions)
sin(90° — 6) = cos(f)
cos(90° — 6) = sin(6)

Tangent Definition & Identity

-
sin(6) cos(0) = ﬁgll

ANGLE ADDITION AND SUBTRACTION FORMULAS
Cosine Difference & Sum
cos(A — B) = cos(A) cos(B) + sin(A) sin(B)
cos(A + B) = cos(A) cos(B) — sin(A) sin(B)

S|

Sine Difference & Sum
sin(A — B) = sin(A) cos(B) — cos(A) sin(B)
sin(A + B) = sin(A) cos(B) + cos(A) sin(B)
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Tangent Sum
tan(A) + tan(B)

tan(A + B) = 1— tan(A) tan(B)

DOUBLE AND TRIPLE ANGLE FORMULAS

Double Angle Sine & Cosine
sin(26) = 2sin(f) cos(6)
cos(26) = cos?(6) — sin?(6)
=2cos?(f) — 1
=1 - 2sin?(9)

Triple Angle Sine & Cosine
sin(30) = 3sin(0) — 4sin*(0)
cos(30) = 4 cos®(0) — 3 cos(0)

PRODUCT-TO-SUM FORMULAS (COMBINE FORMULAS)

cos(A) cos(B) = %[COS(A — B) + cos(A + B)]
sin(A) sin(B) = %[COS(A — B) — cos(A + B)]

sin(A) cos(B) = %[sin(A + B) +sin(A — B)]



GEOMETRY

Problem 1. Given a regular hexagon, a circle is drawn circumscribing it and another circle is drawn

inscribing it. The ratio of the area of the larger circle to the area of the smaller circle can be written in the

form ™, where m and n are relatively prime positive integers. Compute m + n.

n’
Problem 2. Consider an equilateral triangle with side length 9. Each side is divided into 3 equal segments
by 2 points, for a total of 6 points. Compute the area of the circle passing through these 6 points.

Problem 3. Shreyas has a rectangular piece of paper ABC' D such that AB = 20 and AD = 21. Given that
Shreyas can make exactly one straight-line cut to split the paper into two pieces, compute the maximum
total perimeter of the two pieces.

Problem 4. A point P is located somewhere inside rectangle ABCD. If the distance from P to A is 3, the
distance from P to B is 4, and the distance from P to C is 5, what is the exact distance from P to D?

Problem 5. Triangle AABC has a right angle at B and all integer side lengths. Square ACDFE is con-
structed outside AABC'. Given AC = 10, what is the perimeter of pentagon ABCDE?

TRIGONOMETRY
Problem 6. We are given that sin(z) = 3 cos(z). What is the exact value of sin(z) cos(x)?
Problem 7. What is the least positive period of the function f(z) = cos(sin(x))?

Problem 8. Evaluate the following expression:

sin(1°) sin(2°) - - - sin(89°)

cos(1°) cos(2°) - - - cos(89°)
Hint: One approach is to cleverly re-arrange terms in the numerator and use the product-to-sum equation
on the front page.

Problem 9. Evaluate the following product:
sin(10°) sin(50°) sin(70°)
Hint: Multiply and divide by 2 cos 10°

Problem 10.
T 2 47
P = cos (7) cos <7> cos (7>

Problem 11. Find the integer n such that:
(I+tan1°)(1 +tan2°)(1 +tan3°)--- (1 + tan45°) = 2"

Hint: See problem 9.

Hint: Rearrange the terms as in Problem 8.

Problem 12. Let rq, 7o, and r3 be the three real roots of the cubic equation:
82° — 6z —1=0
Without finding the actual values of z, determine the exact value of r1rars and 7% + 73 + 3.
Problem 13. Without any algebra, find the values of the following expressions:
cos(20°) cos(40°) cos(80°)
c0s?(20°) + cos?(40°) + cos?(80°)

Hint: Cleverly use Problem 12 and the cubic relation % = cos(30) = 4cos® 0 — 3cosf. What are the possible
values of 67

Problem 14. Find the value of cos(20) — cos(40) — cos(80).
Hint: Use problems 12 and 13.
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Problem 15 (hard). How many distinct triangles ABC' are there, up to similarity, such that the magnitudes
of angles A, B and C' in degrees are positive integers and satisfy

cos A cos B + sin Asin Bsin(kC) =1
Hint: Since sin(kC) < 1, how can you use this to establish an inequality for the left side of the equation?

Use the difference of angles formula for cosine to show the inequality must be an equality.

HOMEWORK

Problem 16. In AABC, medians AD and BFE are drawn, and they intersect at point G. If the total area
of AABC is 120, determine the exact area of the quadrilateral C DGE.

Problem 17. In rectangle ABC D, the side lengths are AB = 15 and BC' = 20. The diagonal AC' is drawn.
A line is drawn from point B perpendicular to the diagonal AC, intersecting AC' at point E. Determine the
exact length of the segment BE.
Problem 18. Evaluate the following product:

(cot 1° — 1)(cot 2° — 1)(cot 3° — 1) - - - (cot 44° — 1)

. A _
Hint: See Problem 11. cot(A + B) = <tAcot Bl

Problem 19. Consider the cubic equation 823 — 6z + 1 = 0. Show that its roots are sin(10°), sin(50°), and
—sin(70°). Then, use Vieta’s formulas to evaluate the product:

sin(10°) sin(50°) sin(70°)
Hint: Problems 12,13. sin(30) = 3sin(#) — 4sin®(f).
Problem 20. Let r1,79,75 be the roots of 823 — 6z — 1 = 0 (the same polynomial from Problem 13).
Determine the exact value of r{ + r5 + 73, which is equivalent to evaluating:
cos*(20°) + cos*(40°) + cos*(80°)

Challenge: Try to avoid using Viete’s relations and instead multiply the polynomial by x, then substitute in
the roots.



