USAJMO Mock Test

. Find all pairs of positive integers (m,n) such that [4™ — 7| is a prime number.

. Let ABC be a right triangle with ZBAC = 90°. Let D be a point on segment AC and F a
point on segment BD such that /ABC = /ECD = /CED.

Prove that BE = 2AD.

. Let n be a positive integer and let S be a set of 2n real numbers with sum 0. Prove that
there exist two disjoint subsets A and B of S, each with n elements, such that for every
permutation ai,as,...,a, of the elements of A and every permutation by, bs,...,b, of the
elements of B, the following inequality holds: Y ;" ; a;b; < 0.

. Let n > 5. An n x n grid is filled with n? distinct positive integers such that, no matter
how we choose several numbers from the grid, any two that lie in different rows and different
columns have an arithmetic mean that is also a natural number. Determine the smallest
possible value of the largest number in the grid.



