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Warm-up
How many zeros are at the end of the following?
1. 10!
2. 100!
3. 1000!
4. 10000!

Recall that n!:==nx(n-1) x---x2x1=17_ k.
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The Game of Chicken

Suppose you are driving in LA, and are pulling up to an intersection.

Player 1 (P;)

= —_—
—
\ | Player 2 (P»)

Uh oh! Another driver is approaching the same intersection. Assume you’re both going around
the same speed and are driving the same type of vehicle. Do you brake and let them pass
(chicken out, C') or do you speed up to try to go first (drive, D)? Note that C' and D are are
our strategies in this “game.”

Payoff Matrix

Recall from the previous packet on game theory that we will often organize each players’ payoffs
into a matrix.

Definition

In game theory and economics, a payoff is often thought of as a unit of utility, or happiness.
It is an abstract but quantifiable measure of how “good” an outcome is for a particular
player. The more positive a payoff is, the more desirable it is.

In general, each player seeks to maximize their payoff.

In this case, we have the matrix:

D C
D[(-1000,-1000) (1,-1)
ol (-1,1) (0,0)]

where the row represents P;’s action and the column represents P,’s action. The payoff for
each combination of strategies is represented by a pair of values (p1,p2) where p; is P;’s payoff
and py is P’s payoff.

Exercise 1. Using the payoff matrix above, answer the following.

(a) What is P;’s payoff if they decide to drive (D) and P, decides to chicken out (C)?
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(b) What is each player’s payoff if both chicken out?

(c) What is each player’s payoft if both decide to drive? Why might the payoff be so drastic?

(d) If P, rips out their brake pedal and fully commits to driving, what is P;’s best course of
action?

Nash Equilibria

Recall that a Nash equilibrium is often our ultimate goal when analyzing a game. Let us review
the definitions from the previous packet.

Definitions

e A Nash Equilibrium (NE) is a pair of strategies such that either player has no incentive
to switch unilaterally.

e In other words, a pair of strategies is in NE if for P, changing their own strategy
whilst P, keeps the same strategy will not improve P;’s outcome (i.e. P;’s payoff will
not increase). And vice versa.

e A pure Nash equilibrium is a NE where both strategies are pure, that is, each player
plays one particular move 100% of the time.

e A mized Nash equilibrium is when at least one player plays different moves at different
frequencies. That is, they randomize their strategy. (We will explore this further!)

Exercise 2. Find the pure NEs of the game of chicken. Hint: you only have j total pairs of
pure strategies to check!
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Mixed Nash Equilibria
Let’s find the mixed NE for the game of chicken.

D C
D[(~1000,-1000) (1,-1)
ol (-1,1) (0,0)

Let = be the probability that P; drives (plays D). Then since the only other option for P; is
to chicken out (play C), the probability for P, to play C'is 1 - z.

The goal of P, should be to find some frequency = with which they play D such that P is
indifferent between playing D or C.

To do this, we set up two equations, one for when P, plays D, and one for when P, plays C.
Then we find P,’s expected payoff in each case as a function of x. Hopefully this process seems
familiar, as this is the process of equalization. Once we repeat the same thing for both players,
we will obtain a pair of strategies in mixed NE (why is this a NE?).

Exercise 3. Answer the following. You may need to review the following concepts from the
previous packet: expected value, equalization, vector form of strategies.

(a) Given P, plays D, what is P,’s expected payoff in terms of z?

(b) Given P, plays C, what is P»’s expected payoff in terms of x?

(c) Now set the expressions from parts (a) and (b) to equal each other and solve for .

(d) List all pairs of strategies that are in NE, both pure and mixed. Hint: for the mized NE,
you may list Py’s strateqy as (x,1—x) and Py’s strategy as (y,1—vy). Thus, their strategy
pair will look like: ((x,1-z),{y,1-y)).
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Finding Pure Nash Equilibria

There is a nice algorithm for finding pure NEs given a matrix.
Example

Suppose we are given a two player general-sum game in matrix form (we also call games
in this form a game in strategic form).

52,1 SZ,2 52,3
514[(6,6) (4,7) (1,4)
51,2 (973) (471) (672)
51,3 (8’5) (574) (676)
S1al(4,4) (8,5) (4,3)

We can find its pure NEs by following the steps below.

e Go through each column and select P;’s best response to each of P’s pure strategies.
We keep track of this selection by starring (*) P;’s payoff in each case. Our matrix
now looks like this:

52,1 52,2 52,3
Sl,l (676) (477) (174)
S12[(9%,3) (4,1) (6%,2)
51,3 (875) (574) (6*76)
51,4 (474) (8*7 5) (47 3)

e Now we go through each row and star P,’s best response’s payoffs:

52,1 52,2 52,3
Siaf (6,6)  (4,7)  (1,4)
S12|(9%,3*)  (4,1)  (6%,2)
81,3 (875) (574) (6*76*)
51,4 (474) (8*75*) (473)

e The pairs of payoffs with both entries starred correspond to the pure NEs!

Exercise 4. Write down the pairs of strategies that are pure NEs in the example above. Also,
explain in your own words why this algorithm works.




ORMC Intermediate 2A

Exercise 5. Find all NE for the following game. Note that after you find the mixed equilibrium
strategy for P;, you will have to repeat the process for Ps.

Sa.1 S22
Sl,l (470) (471)
51,2[(5,?» (3,2>]

Exercise 6 (Tariffs). Two equally strong countries, C; and Cs, are waging a trade war. Either
country has two options: raise tariffs (R) or back down (B). Given that country C}’s analysts
determined that raising tariffs 20% of the time is optimal, find L.

R B
R[(-L,-L) (10,-10)
Bl(-10,10)  (0,0)

Trivia

Tariffs are a tax on imported goods paid by the importer. As the costs of this tax are
often transferred to consumers via higher prices on imported goods, this makes imported
goods seem less desirable than domestic goods to consumers. The hope in passing tariff
hikes is to protect one’s domestic industries.

Exercise 7. President Trump introduces 100% tariffs on cocoa beans. What will happen to the
price of chocolate in the US? Is it time to invest in or divest from Hersheys and See’s Candies?
Explain.
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Exercise 8 (Battle of the Geeks). You and your friend are geeks that love super hero movies.
However, you are a fan of Marvel, while your friend is a fan of DC. There is a showing for a
new Marvel movie and a new DC movie tonight that are unfortunately happening at the same
time! You and your friend are deciding which movie to attend. The following are true:

e Though you don’t really care for DC, it beats going to the movies alone! Each player gets
a payoff of 0 if they go alone.

e Each player gets a payoff of 1 if they watch the movie that they don’t really care for.
e Each player gets a payoff of 2 if they watch the movie that they wanted to watch.

Draw out a payoff matrix for this gamd and find all NEs.

!This game is more traditionally known as The Battle of the Sexes.
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Games in Extensive Form

Observe that games in the strategic form (e.g. matrices) have the implicit assumption that
each player chooses their move at the same time and without knowledge of what the opponent
will play. We will now look at how to model some more general games where this may not be
the case.

Example (Schoolyard Tussle).

Suppose you're beefing with the schoolyard bully. Sometimes they ignore you, and some-
times they eye you up—Ilooking for a fight. To make your decision making easier in the
moment, each morning before school, you commit yourself to either picking a fight or ig-
noring the bully whenever the time comes. We often model games like this in a game tree
like the one below.

Bully (P,)

Pick a fight (F)

You (P1) s You (P)

(—10,—10) (_171) (1a_1) (0,0)

Definitions

e A game tree consists of nodes connected with branches. The nodes each belong
to a particular player and represent points where a player may make a decision.

e Each branch has an action label describing the action the player takes when
choosing a branch to go down.

e The game flows from top to bottom.
e The node at the top of the tree is the initial node. In this case, it belongs to Ps.

e Any node with no branches extending downwards is a terminal node. You can
also distinguish them because they contain the payoffs.

e An information set is a grouping of nodes on the same level. They’re connected
with a horizontal dotted line. Nodes inside an information set must belong to
the same player, and each have the same number of branches extending down
from them with the same action labels as all other nodes in the information set.
This is because an information set represents the scenario where the player does
not know what exact node the game is currently at, only that the game must
currently be in one of the nodes inside the information set.
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Exercise 9. Answer the following to check your understanding of the definitions.

(a) How many non-terminal nodes are there in the given example?

(b) How many total nodes are there?

(c) Explain why there is an information set in this example.

(d) Represent this game in strategic form (i.e. as a matrix) and find all NEs. Does it look
familiar?

(e) If the information set is removed, what change in the scenario does this represent? Give
a qualitative answer.

(f) Without the information set, would the strategic form found in part (d) still be a good
predictor of what will happen? How might your strategy change?

10
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So what happens exactly when we remove the information set? Well in the case for the school-
yard tussle, this actually expands the number of strategies P; can employ. Let’s see why.

Example (Schoolyard Tussle, Modified).

Notice that now we are to treat P;’s two nodes separately! In particular, if you see the
bully getting ready to pick a fight with you, it is now in your best interest to ignore them,
since fighting results in a lower payoff (-10) than ignoring them (-1).

Bully (P2)

Pick a fight (F)

You (P;) You (P;)

(—10, —10) (-1,1)  (1,-1) (0,0)

With this modification, a strategy for P, now consists of a sort of “game plan,” where all
possible decisions P, may have to make have been decided. We list all the strategies now
available to P; below:

e Always fight (FF)

e Always ignore (II)

o Tit-for-tat (FI)

e Opposite (IF)

11
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Exercise 10. Convert the modified schoolyard tussle example into the strategic form.

Exercise 11 (War in Ukraine). A game tree modeling the ongoing conflict in Ukraine is given
below.

The West (P;)

Undersupply (U) Oversupply (O)

Supply to
a standstill (S)

(-1,1) (0,0)

Russia (P)

Escalate (E) Lose war (L)

The West (P;)
(1,—100)

Retaliate (R) Pull back (P)

(—100, —100) (-1,1)

a) List all of the strategies for both players.

(a)
(b) Convert the following game tree into the strategic form.

(c¢) Find all pure Nash equilibria. What would you do if you were the West?

(d) There is one pure Nash equilibrium which should feel counter-intuitive. Explain why this
Nash equilibrium would not occur in real life.

12
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Subgame Perfect Nash Equilibrium

Hopefully you agree that we can model all sorts of situations using games trees. In fact, we can
even introduce more than just two players. However, with more than two players, converting
to strategic form becomes exponentially more difficult, with n players requiring n-dimensional
matrices! Fortunately, there is a very intuitive way to analyze games and find those sweet Nash
equilibria. We will learn a process called backward induction. This process will lead us to our
desired subgame perfect Nash equilibria.

Definition
In an extensive game, a subgame
e begins at a decision node that is not the initial node,
e begins at a node that is not a part of an information set larger than one node,

e includes all the decision and terminal nodes following from itself in the game tree.

Exercise 12. Find all the subgames in the following game tree and draw a box around them.
Subgames can have subgames too.

Exercise 13. Find all the subgames in the following game tree and draw a box around them.

13
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A Nash equilibrium is subgame perfect if the players’ strategies are a Nash equilibrium in

every subgame. In a (sub)game of one player, the Nash equilibrium is simply the strategy
that returns the highest payoft.

Exercise 14. Revisit the Nash equilibria you found in exercise 11 and label each one as subgame
perfect or not subgame perfect.

Exercise 15. Let’s revisit the matrix you created in exercise 10. Find all pure Nash equilibria
and label each one as subgame perfect or not subgame perfect.

Even though the strategy pair (FF, I) from the modified schoolyard tussle constitutes a
Nash equilibrium when in the strategic form, this Nash equilibrium is unreliable, since it
is what we call a non-credible threat.

We call it this because this equilibrium only works when the Bully is fully convinced that
if they were to pick a fight, then we would fight back. However, once the Bully has picked
a fight, we, P5, are now faced with a choice: fight back and get a -10 payoff, or ignore, and
get a -1 payoff. If we are rational, we would choose to ignore. Hence, our claim towards
the Bully that our strategy is to always fight, FF, is not credible.

Note

A subgame perfect Nash equilibrium (SPNE) is always credible! A SPNE is also
always a pure NE when the game is converted to the strategic form.

14
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Backward Induction

Example

We begin backward induction on a game in extensive form by starting from the bottom.
We take a look at the bottom-most subgames and choose the best strategy for that player.

Py

(4,-10) |

We indicate our selection by adding an arrow to the best strategy as in the picture. In this
example, we see that if the game ends up in the situation where P, must choose between
E and F, then P; will choose F. And similarly, if P, must choose between G and H, then
P, will choose H. This is because P, always chooses the option with the highest payoff.

Py

(1,0)

(-3,5) (0,1) (1,1) (4,-10)

Now armed with this knowledge, P, will choose C over D, since:
e If P, chooses C, then P, will play F and P, will receive a payoff of 1.
e If P, chooses D, then P, will play H and P, will receive a payoff of -10.

Finally, P, chooses between A, which would give a payoff of 1, or B>C—F, which gives a
payoff of 0.

15
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(-3,5) (0,1) 1) (4,-10)
Hence, P; will choose A. Thus, the SPNE in this case is (AFH, C). Note that AFH is the

complete strategy for P;, even though P; will not get the opportunity to actually play F
and H (assuming P, plays correctly).

Exercise 16. Convert the example above into strategic form and find all pure NEs in this
fashion.

Exercise 17. Find the SPNE for this game.

(0,0,0)

(2,0,2) (1,1,1) (8,3,5) (1,1,4) (1,1,1) (9,9,—1)

16
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Exercise 18 (Monopoly). You (P) run a successful small business selling snacks and candies
to your classmates. You are the only student doing this, and make $100 a week. Your old bully
(P;) sees this and wants in. P; has two options: stay out (S) or enter the market (E). If P,
stays out, P, keeps making $100/week. The payoffs would be (0,100).

However, if P; enters the market, you and your bully will have to compete for customers. P
has two options: start a price war (W) or accommodate your bully’s business (A). If you start
a price war, both businesses lose money leading to a payoff of (-20,-10). If you accommodate,
the profits will be shared and diminished. The payoff is (20, 50).

(a) Draw this game in extensive form.

(b) Draw this game in strategic form.

(c) Find all NEs.

(d) Find all SPNEs.

17
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Exercise 19 (American Revolutionary War, adapted from MIT 17.810521, Lecture 4).

Great Britain generates revenue from control of the 13 colonies.

Given a policy, the colonies decide whether to Rebel or Consent to the status quo.

If the colonies revolt, Great Britain decides: grant independence or suppress the revolt.
If Great Britain suppresses, there will be a war.

The payoffs are as follows:
— In the event of a war, the colonies win with probability p.

— At stake is control of resources, which generate a payoff of $4 to the side that controls
them, as well as $2 in taxes.

— Starting a revolution costs the colonies $1 if Great Britain does not suppress.
— War costs each side $6.

— If colonies don’t revolt, Great Britain can continue to tax the colonies’ residents at
$2, or they can eliminate these taxes.

— If colonies revolt and lose, Great Britain maintains resource and taxes.

Create a game tree for this game.
Convert it to strategic form and find pure NEs.

Use backward induction to find the SPNE.

18
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Exercise 20 (Prisoner’s Dilemma). You (P;) and your accomplice (P,) have been arrested for
a crime! however, the investigator lacks evidence on your bigger charges and needs some more
information. Both players choose to either rat out the other (R) or stay mum (M) without
knowing what the other player chooses. If both cooperate, both players get a light sentence of
1 year in prison. If both rat, both players get 8 years. If P, rats and P, stays mum, the payoffs
are (0,-10). And if P, stays mum and P, rats, then the payoffs are (-10,0).

(a) Intuitively, what would you do if you were P;?

(b) Write this game in strategic form.

(c) Write this game in extensive form.

(d) Find all NEs.

Note

I highly recommend watching Veritasium’s video diving deeper into this game:
“This game theory problem will change the way you see the world” |

19
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Exercise 21 (Modified Prisoner’s Dilemma). We feel that the classical prisoner’s dilemma
may be oversimplified, so we add an extra term: reputational cost ¢ to the payoffs. The new

payoffs will be:

R M
Rl (-8-¢,-8-¢) (-¢,-10)
M| (-10,-¢)  (-1,-1)

Find all pure and mixed NE for the following cases.

(a) Examine what happens when the reputational cost is low. That is, when 0 < ¢ < 1.

(b) What happens when 1< ¢ <27

(¢) How about when ¢ > 27 Perhaps this is why even bands of thieves have strict codes of

honor!

20
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