
AMC 8 Training: 3D Geometry

Charles Breeden

1 Planes and Lines

3D space, just like 2D space, can be represented as a set of coordinates. More specifically, 3D space is
the set of coordinates (x, y, z) for x, y, z ∈ R. Each triple of numbers represents one point in 3D space.

When a 2D plane is placed in 3D space, it looks like this:

The 2D plane pictured above is exactly the set of solutions to the equation x + 2y + z = 1. In
general, a 2D plane in 3D space is the set of solutions to the equation ax+ by + cz = d.

Problem 1.1. Find the set of solutions to this system of equations:

3x+ 2y + z = 0

x+ y + z = 0

What does this set represent geometrically?

Though you may have guessed it from the previous problem, we will state it explicitly here: a
straight line in 3D space can always be represented as the set of points (a + αt, b + βt, c + γt), for
constants a, b, c, α, β, γ, and variable t.

Problem 1.2. Show that any two different planes A and B will either not intersect, or intersect along
a straight line.
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Definition. For two planes A and B, A ∩B (read as ”A intersect B”) is the set of points that are in
both plane A and plane B

In Problem 1.2, you showed that for two different planes, A ∩B is either empty or a straight line.
Let’s see if we can generalize.

Problem 1.3. Show that, for any three different planes A,B, and C, (A∩B)∩C will either be empty,
a straight line, or just one point. Hint: You do not need to do algebra for this problem

Problem 1.4. If n > 3, show that any n different planes will either not intersect, intersect along a
straight line, or intersect at just one point.

Problem 1.5. Using 3 different planes, what is the maximum number of regions you can split 3D
space into? For example, if you chose the setup of three parallel planes shown below, you would split
3D space into 4 regions. Can you do better?

2 Polyhedra

Definition. A polyhedron is a three-dimensional figure with flat polygonal faces, straight edges, and
sharp corners or vertices.
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For example, a tetrahedron (pictured below) is a polyhedron.

In Greek, ”tetra” means ”four”, and ”hedron” means ”face.” Thus, a tetrahedron is a polyhedron
with four faces. As you can see above, a tetrahedron also has 6 edges and 4 vertices.

Problem 2.1. Based on your previous work, explain why any three-dimensional figure with flat faces
must have straight edges. Explain why this means every three-dimensional figure with flat faces is a
polyhedron.

Problem 2.2. Based on Problem 2.1, write out a new, shorter definition of a polyhedron.

Problem 2.3. How many faces, vertices, and edges are there on a cube?

2.1 Nets

For many polyhedra, you can also draw something called a net. You can think of a net as an ”unfolding”
of a polyhedron.

Definition. A net of a polyhedron is an arrangement of non-overlapping edge-joined polygons in the
plane that can be folded (along edges) to become the faces of the polyhedron.

As an example, a net of a cube is shown below:

Problem 2.4. How many nets does a tetrahedron have? Draw out all of them.
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Problem 2.5. How many types of polyhedra with 5 faces are there? Draw out a net for each of them.

Problem 2.6. How many nets does a cube have? Draw out all of them.

2.2 Measuring Polyhedra

Every polyhedron has both volume and surface area. Volume refers to the amount of 3-dimensional
space a polyhedron occupies. Surface area refers to the sum of the areas of the faces of a polyhedron.

Problem 2.7. If a polyhedron has a net, explain why its surface area must be the same as the area
of its net.

Problem 2.8. The following net can fold into two different polyhedra. For each polyhedron, find both
the volume and the surface area. Assume that all edges in the following diagram are of length 1.
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Problem 2.9. A rectangular prism that has width a, length b, and height c will have volume abc.
Express the surface area of a rectangular prism in terms of a, b, and c.

Problem 2.10. A rectangular prism with integer edge-lengths has a volume less than half its surface
area. What are the possibilities for its dimensions?

3 Regular Polyhedra

You may remember that regular polygons are polygons in which all sides and angles are equal. A
natural question to ask is whether there exists a 3-dimensional analogue to regular polygons. In fact,
there is such an analogue—the regular polyhedron:

Definition. A regular polyhedron is a polyhedron with regular and congruent polygons as faces, such
that all vertices, edges, and faces are identical.

Strangely, there are only finitely many regular polyhedra, even though there are infinitely many
regular polygons. In the following series of problems, we will show why this is the case.

Problem 3.1. Choose a vertex v of a polyhedron, and let F1, F2, . . . , Fk be the faces that touch v. If
θi is the interior angle of face Fi at the vertex v, prove that

θ1 + θ2 + ...+ θk < 360◦

Hint: Think about nets.

Problem 3.2. For a regular polygon with n sides, what is the measure of an interior angle?

Problem 3.3. Based on your previous work, if a regular polyhedron has triangular faces, at most how
many triangles can be placed around every vertex?

Problem 3.4. If a regular polyhedron has square faces, at most how many squares can be placed
around every vertex?

Problem 3.5. If a regular polyhedron has pentagonal faces, at most how many pentagons can be
placed around every vertex?
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Problem 3.6. If a regular polyhedron has hexagonal faces, at most how many hexagons can be placed
around every vertex?

Problem 3.7. Based on your previous work, which regular polygons can be used as the faces of a
regular polyhedron?

Problem 3.8. Explain why the following two things determine the entirety of a regular polyhedron:

1. The type of polygon used for the faces

2. The number of faces around each vertex

Problem 3.9. How many possibilities are there for regular polyhedra? Draw out a net for each of
them.

4 Homework

Problem 4.1. Using 4 different planes, what is the maximum number of regions you can split 3D
space into?

Problem 4.2. Draw out all nets for a square-based pyramid.

Problem 4.3. Try to draw a picture of all 5 regular polyhedra in 3D space.

Problem 4.4. The following net can be folded into two different rectangular prisms. Which two
prisms are they?
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