
ORMC AMC 10/12 26S WEEK 3: ANALYTICAL GEOMETRY

Problems

Problem 1 (2021 AMC 10B). The point P (a, b) in the xy-plane is first rotated counterclockwise by 90◦

around the point (1, 5) and then reflected about the line y = −x. The image of P after these two transfor-
mations is at (−6, 3). What is b− a?

(A) 1 (B) 3 (C) 5 (D) 7 (E) 9

Problem 2 (AMC 10A 2021). The area of the region bounded by the graph of

x2 + y2 = 3|x− y|+ 3|x+ y|
is m+ nπ, where m and n are integers. What is m+ n?

(A) 18 (B) 27 (C) 36 (D) 45 (E) 54

Problem 3 (AMC 10A 2020). A point is chosen at random within the square in the coordinate plane whose
vertices are (0, 0), (2020, 0), (2020, 2020), and (0, 2020). The probability that the point is within d units of a
lattice point is 1

2 . (A point (x, y) is a lattice point if x and y are both integers.) What is d to the nearest
tenth?

(A) 0.3 (B) 0.4 (C) 0.5 (D) 0.6 (E) 0.7

Problem 4 (2020 AMC 10A). Let T be the triangle in the coordinate plane with vertices (0, 0), (4, 0), and
(0, 3). Consider the following five isometries (rigid transformations) of the plane: rotations of 90◦, 180◦, and
270◦ counterclockwise around the origin, reflection across the x-axis, and reflection across the y-axis. How
many of the 125 sequences of three of these transformations (not necessarily distinct) will return T to its
original position? (For example, a 180◦ rotation, followed by a reflection across the x-axis, followed by a
reflection across the y-axis will return T to its original position, but a 90◦ rotation, followed by a reflection
across the x-axis, followed by another reflection across the x-axis will not return T to its original position.)

(A) 12 (B) 15 (C) 17 (D) 20 (E) 25
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Problem 5 (AMC 10B 2019). Triangle ABC lies in the first quadrant. Points A, B, and C are reflected
across the line y = x to points A′, B′, and C ′, respectively. Assume that none of the vertices of the triangle
lie on the line y = x. Which of the following statements is not always true?

(A) Triangle A′B′C ′ lies in the first quadrant.
(B) Triangles ABC and A′B′C ′ have the same area.
(C) The slope of line AA′ is −1.
(D) The slopes of lines AA′ and CC ′ are the same.
(E) Lines AB and A′B′ are perpendicular to each other.

Problem 6 (AMC 10B 2019). In a given plane, points A and B are 10 units apart. How many points C
are there in the plane such that the perimeter of △ABC is 50 units and the area of △ABC is 100 square
units?

(A) 0 (B) 2 (C) 4 (D) 8 (E) infinitely many

Problem 7 (AMC 10B 2019). Points A = (6, 13) and B = (12, 11) lie on circle ω in the plane. Suppose
that the tangent lines to ω at A and B intersect at a point on the x-axis. What is the area of ω?

(A)
83π

8
(B)

21π

2
(C)

85π

8
(D)

43π

4
(E)

87π

8

Problem 8 (BMT 2023). For real numbers x and y, suppose that |x|− |y| = 20 and |x|+ |y| = 23. Compute
the sum of all possible distinct values of |x− y|.

Problem 9 (2011 AIME I). Let L be the line with slope 5
12 that contains the point A = (24,−1), and let

M be the line perpendicular to line L that contains the point B = (5, 6). The original coordinate axes are
erased, and line L is made the x-axis and line M the y-axis. In the new coordinate system, point A is on
the positive x-axis, and point B is on the positive y-axis. The point P with coordinates (−14, 27) in the
original system has coordinates (α, β) in the new coordinate system. Find α+ β.

Problem 10. A dilation of the plane—that is, a size transformation with a positive scale factor—sends the
circle of radius 2 centered at A(2, 2) to the circle of radius 3 centered at A′(5, 6). What distance does the
origin O(0, 0), move under this transformation?

(A) 0 (B) 3 (C)
√
13 (D) 4 (E) 5

Problem 11 (2011 AIME I). Suppose that a parabola has vertex
(
1
4 ,−

9
8

)
and equation y = ax2 + bx+ c,

where a > 0 and a + b + c is an integer. The minimum possible value of a can be written in the form p
q ,

where p and q are relatively prime positive integers. Find p+ q.
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Problem 12 (2011 AIME II). A circle with center O has radius 25. Chord AB of length 30 and chord CD
of length 14 intersect at point P . The distance between the midpoints of the two chords is 12. The quantity
OP 2 can be represented as m

n , where m and n are relatively prime positive integers. Find the remainder
when m+ n is divided by 1000.

Problem 13 (2011 AIME II). Point P lies on the diagonal AC of square ABCD with AP > CP . Let O1 and
O2 be the circumcenters of triangles ABP and CDP respectively. Given that AB = 12 and ∠O1PO2 = 120◦,
then AP =

√
a+

√
b, where a and b are positive integers. Find a+ b.

Problem 14 (2012 AIME I). Complex numbers a, b, and c are zeros of a polynomial P (z) = z3 + qz + r,
and |a|2 + |b|2 + |c|2 = 250. The points corresponding to a, b, and c in the complex plane are the vertices of
a right triangle with hypotenuse h. Find h2.

Problem 15. The line l passes through vertex B and the interior of regular hexagon ABCDEF. If the
distances from l to the vertices A and C are 7 and 4, respectively, compute the area of hexagon ABCDEF.

Problem 16. Let E be an ellipse with major axis length 4 and minor axis length 2. Inscribe an equilateral
triangle ABC in E such that A lies on the minor axis and BC is parallel to the major axis. Compute the
area of triangle ABC.
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Homework

On a separate sheet on paper, please bring in solutions for these 5 problems to be graded and returned
to you - these will contribute towards your attendance for next week! It is okay if you do not know how to
solve all of the problems - partial progress is perfectly fine, just write down as much as you know.

Problem 17. Jarris the triangle is playing in the (x, y) plane. Let his maximum y coordinate be k. Given
that he has side lengths 6, 8, and 10 and that no part of him is below the x-axis, find the minimum possible
value of k.

Problem 18. If r is a rational number, let f(r) =
(

1−r2

1+r2 ,
2r

1+r2

)
. Then the images of f forms a curve in the

xy-plane. If f(1/3) = p1 and f(2) = p2, what is the distance along the curve between p1 and p2?

Problem 19. In quadrilateral ABCD, AB = 20, BC = 15, CD = 7, DA = 24, and AC = 25. Let the
midpoint of AC be M , and let AC and BD intersect at N . Find the length of MN .

Problem 20. A square with side length 6 has a circle with radius 2 inside of it, with the centers of the
square and circle vertically aligned. Aarush is standing 4 units directly above the center of the circle, at
point P . What is the area of the region inside the square that he can see?

Problem 21. Points X, Y , and Z lie on a circle with center O such that XY = 12. Points A and B lie on
segment XY such that OA = AZ = ZB = BO = 5. Compute AB.
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