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Warming up: A zoology of
Space-Time diagrams

Prepared by Matthew Kowalski
Modified by Elias Manuelides

All diagrams are adapted from Izaak Neutelings, see
https://tikz.net/relativity_minkowski_diagram/

We tend to believe that there is an objective time and we measure it by subjective clocks.
In fact the objective reality is the collection of clocks, and time is a convenient construct
for coordinating them —

The same is true for space and rulers —

You may think that the preceding is merely #deep, but there is a good argument to be
made that it is in fact a deep observation.

Einstein during his annus mirabilis... (probably)

Part 1: Warm-up: Spacetime Diagrams
This packet helps us practice the kinematics of Gallilean relativity and Special relativity. Kinematics
is different from physics and only concerns the geometry of motion.

All diagrams take place in R1+1 which looks a little bit like this:

t

x

Definition 1:
The worldline of an object is the curve it traces in R1+1.
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Example 2:
A cat walking away from you at constant speed in your rest frame:

t

x

cat: x(t) = tcat: x(t) = t

you: x(t) = 0you: x(t) = 0

Problem 3:
Represent the following scenario:

• Your cat begins walking away to your right at speed 2.
• Your dog walks away to your left at speed 1.
• Your hamster waits a second and then follows the dog at speed 2. After reaching your dog, your

hamster turns around and sprints after the cat at speed 3.

Alice: t

x

Problem 4:
Suppose that the situation of the previous problem occurs on a train moving to the right at speed 1.

Draw the scenario in the rest frame of an observer outside of the train.
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Are any of the pets at rest in this frame of reference at any moment?

Train: t

x

3



Part 2: Galilean Relativity
Imagine you are Galileo and you want to figure out how things look from — say — the hamster’s
point of view.

Example 5:
Observe how Example 1 looks if you were the cat.

t

x′

cat: x′(t) = 0cat: x′(t) = 0

you: x′(t) = −tyou: x′(t) = −t

Problem 6:
Draw the situation of the previous two problems from the perspective of the cat.

Cat: t

x
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Definition 7: Reference Frame
We can graph multiple reference frames on 1 grid.

t

x = x′

t′
cat: x(t) = t

you: x(t) = 0you: x(t) = 0

x = x′ + 1

Here x, t are the spacetimes coordinates in your perspective and x′, t′ are the spacetime coordinates
in your cat’s perspective. Note that t = t′ for any point while x = x′ + t.

Problem 8:
What does it mean for two events to lie on the same vertical (blue) line from your perspective?

What does it mean for two events to lie on the same slanted (red) line from your cat’s perspective?
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Part 3: Special Relativity
The minimal model of special relativity asserts that a photon in a vacuum always travels
with the following speed

c = 299, 792, 458m
s exactly?

Units: Instead of measuring time t, we are now going to measure ct.

Problem 9: photon diagram
Show that the minimal model of special relativity is not consistent with the transformations of
Gallilean relativity by drawing an appropriate diagram.

You: ct

x

Definition 10: Lorentz Boost
To preserve c we must ensure that photons bisect our new time axis ct′ and our new space axis x′.

This is achieved by a Lorentz boost and is best visualized in the following diagram:

ct

x

you: ct′

x′

θ

θ

photonphoton

As before, the slanted (red) axes are your reference frame as you’re moving.
Note that you (and anything moving the same speed as you) are stationary in this reference frame.
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Problem 11:
Verify that — if you are sitting on the red line — and you shoot another photon to your left still, it
still travels at c in your frame of reference and in the original frame of reference.

Problem 12:
What is θ in terms of your 3-velocity v in the original frame of reference.

Part 4: Simultaneity
Observe Alice’s demure rest frame.

Alice: ct

x

Problem 13:
Bob is walking to the right at with 3-velocity c/3, relative to Alice. Add Bob’s worldline to your
spacetime diagram.

Superimpose Bob’s reference frame onto the diagram.

What are the lines of simultaneity for Bob.

Problem 14:
Alice and Bob decide to have a race and they agree to race from x = 0 to x = 2.

Alice can run at an impressive speed of c/2.

Bob can only run at a measly speed of c/4.

• Who wins the race?
• Is there any reference frame in which Bob wins?
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Ground: ct

x

• Suppose that Alice races from x = 0 to x = 2, while Bob races from x = 8 to x = 10. Is there
now a reference frame where Bob wins? Why?
Hint: Plot these events on a spacetime diagram.

Ground: ct

x
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Problem 15: Bell’s Spaceship Paradox
Suppose that we have two spaceships, distance L apart, tied together with floss of length L. The floss
is so weak that any stretching at all will cause it to disintegrate.

The spaceships are at rest and accelerate instantaneously to speed c/2.

Draw the spacetime diagram for this situation.
What happens to the floss in the boosted frame? Does it break? Why?

Rest: ct

x

The same outcome has to occur in all reference frames, so we know that the floss breaks in the
stationary reference frame. However, in the stationary reference frame, the two spaceships accelerate
at the same time, so our explanation no longer seems accurate.

Can you come up with a hypothesis for why the floss breaks in the stationary reference frame?

Hint: The floss breaks if the ships are farther apart than the length of the floss.
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