ADVANCED 2 https://betalupi.com/handouts

Introduction to Geometric Algebra
and Quaternions

Prepared by Jessica on April 17, 2026

Part 1: Bivectors

When we consider scalars, we think of them as 0-dimensional geometric objects; vectors may live in
higher-dimensional spaces, but they behave like 1-dimensional geometric objects. How should we
represent 2-dimensional objects such as planes or parallelograms? What about 3-dimensional objects
such as volume?

Notice that although vectors may exist in R™, they are not themselves n-dimensional geometric
objects. For example, a plane in R? is not a vector in R3.

Problem 1:
Let u and v be vectors in the plane. Describe geometrically what happens to the parallelogram
spanned by u and v in each of the following cases.

(a) uand v are parallel.

(b) u is scaled by a factor a.

(¢) The order of the spanning vectors is reversed, so that we consider v first and u second.

Definition 1:
The outer product (A) of vectors satisfies the following properties:

)
b) vAu=—(uAv)
(¢) a(uAv)=(au)Av
d) (U+VvV)AW=uAW+VAW

Problem 2:
Show that:
(a) a(uAv)=uA(av)
(b) uA(WH+V)=uAwW+uAv

This completes the bilinearity of outer products.

Definition 2:
A simple bivector in R™ is an object of the form u A v, where u,v € R™. A bivector is any finite
linear combination of such objects.
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Problem 3:
Let @ be the angle between nonzero vectors u and v, u,v € R?
(a) Use the projection of u onto v and its relation with dot products to show that

[uAv|=|u||v|sind.

Hint: Write vectors in terms of basis vectors.
(b) Explain why this is exactly the area of the parallelogram spanned by u and v.

Problem 4:

(a) Verify it’s the same for the 3D scenario. Describe geometrically why this is the same as the 2D
scenario.

(b) Do you recognize the coefficients from any other vector product you studied before?

(c) Verify for the 4D scenario. Is there anything equivalent to the vector product from (b) in R*?

Definition 3:
For a 2 x 2 matrix,

a b
det(C d)zad—bc.

For a 3 x 3 matrix, the determinant is defined by expansion along the first row:

a11 a2 a13
d _ a2 a23 a1 az3 a1 a2
et| az1 a2 a3 | =an — a12 + a3 .
az2  ass asy ass asy asz
asp  as2  ass
The determinant gives the signed area or volume spanned by the column vectors v, ..., v, of the

matrix A = [vy -+ vy).

Problem 5:
(a) Let vy = (1,2)T, va = (3,4)T, and A = [v; va], A’ = [vg v1]. Find det(A), det(A’). What’s
different?
(b) Let v1 = (1,2,3)T, vo = (0,1,-1)T, v3 = (1,-1,0)T, and B = [v; vy v3], B’ = [v1 v3 v2]. Find
det(B), det(B’).
(¢) If you have time, try out the 6 permutations of the three vectors in (b). What do you notice?



Theorem 1:
Let B be a simple bivector in a plane with orthonormal basis {eq, es}. If u and v are vectors in that
plane, and @ is the oriented angle from u to v, then

uAv=|u||v|sinf (e; Aes).

In particular, the norm of the bivector u A v is the area of the parallelogram spanned by u and v.
More generally, the standard norm on wedge products is defined so that ||vq A -+ A vg]|| equals the
k-dimensional volume of the k-parallelotope spanned by v, ..., vy, where ||[vi A+ A vi|? = det(G),
the determinant of Gram matrix.

Problem 6:
Show that
{e1 Neq, eg ANes, ez \ 91}

is a basis for the vector space of bivectors in R3. That is, show that these bivectors are linearly
independent and span the space of all oriented areas in R3.

Problem 7:
Show that if x lies on the plane spanned by u and v then x A (u Av) =0. Hint: Write x as a linear
combination of u and v.

Problem 8:
Show that if B = u A v # 0, there exists an orthonormal basis {vy,va} such that B = A(vy A va).

Problem 9:
Note that it is not always true that bivector B = u A v. Can you think of an counterexample of
bivectors in R4? Explain intuitively why this wouldn’t happen in R? or R3.

Definition 4:
A simple trivector is an object of the form u A v A w, where u,v,w € R™. A trivector is a linear
combination of simple trivectors.

Problem 10:

Show that in R3, a simple trivector has exactly two possible orientations.
(a) What are these two orientations?
(b) What is another in physics we frequently use to describe them?



Problem 11:
Let u, v, w be linearly independent vectors in R3.
(a) Compare vAuAwand uAvAw.
List all six possible orders of u A v A w and determine which ones are equal to u A v A w and
which ones are equal to —uAv Aw.
(b) Use your observations to explain why (uAvV) Aw =uA (vAw).
Extra: sgn() function can represent the parity of a permutation.

Problem 12:
Prove outer products are associative. Hint: Use linearity.

Problem 13:

(a) Show that u,v,w in R? are linearly independent if and only if u A v A w # 0. Verify this
geometrically.
(b) Show that u A v Aw = A(eg A ez Aes). Conclude trivectors in R? have dimension 1.

Problem 14:
Let {e;,eq,e3} be a basis of R?. Let

u = uje; + uzes + uses, V = vi1€] + vgeq + v3es, W = wie; + waey + wses.
(a) Show that
UAVAW = (ujv2ws — U103Ws + UgV3W1 — U1 W3 + U3V Wa — U3Vaw1) €1 A €3 A es.

(b) Compare this coefficient with the scalar triple product and with the determinant of the matrix
whose columns are the coordinates of u, v, w.
Extra: Write the coeflicient as a determinant.



Definition 5:
The geometric product of vectors u and v is defined by uwv=u-v+uAv.

Problem 15:

Let u and v be vectors.
(a) Compute uv in the case where u is parallel to v.
(b) Compute uv in the case where u is perpendicular to v.
(¢) Compare vu with uv.

Problem 16:

Let {e1, e,e3} be an orthonormal basis of R?.
(a) Compute e; - e; and e; A e; for all 4, j.
(b) Compute e;e; for all 4, j and describe their geometric meaning.
(¢) Compute ejeses and describe its geometric meaning.

Problem 17:
Prove distributivity of the geometric product:

(u+v)w = uw + vw, u(v+w)=uv+ uw.

Extra: Prove associativity of the geometric product. Hint: Note that we already proved
distributivity, and it is easily shown that associativity is satisfied for orthonormal vectors.

We assume associativity and distributivity of geometric products of vectors for the rest of this packet.

Problem 18:
Solve for v given a-v =35, aAv = B.



Part 2: Reflections and Projections

Problem 19:

Let b # 0 be a vector. Define the inverse of b to be the vector b~1 such that bb~1 = 1.
(a) What is b=1?
(b) Write the projected vector of a onto b in terms of b=1.

Problem 20:

In G2, let a = aje; + azea, where {eq, ez} is a basis for the plane. Let B = ejez.
(a) Compute aB.
(b) Describe geometrically what happens to a when it is multiplied by B.

Problem 21:
In G3, do the same for a = ajeq + azes + ases, while B = ejes.
(a) Compute aB. What is different from G2?
(b) Describe what geometrically happened, considering the components of a parallel and
perpendicular to the plane separately.
We'll soon see why the rotation happened.

Problem 22:
Let {e1, ez} be an orthonormal basis for a plane.
(a) Compute (ejez)?. Recall that for vectors u, v, uv = u - v +u A v.
(b) Now let {e1,ez,e3} be be an orthonormal basis for R?. Compute (ejezes)??
Extra: What happens in dimension 4 with four orthonormal vectors? What about in G™? Do you
notice a pattern?



Problem 23:
Suppose v = 2e; + Heq.
(a) Compute v(ejez).
(b) Compute v(egez). What is geometrically different?

Problem 24:
Let n be a unit vector, x be a vector in R3.
(a) If we want to reflect x across the plane with normal n, which part of x is flipped, and which
part is unchanged? Hint: Write x as the sum of its components parallel and perpendicular to
the plane with normal n.
(b) Write nx = nx|| +nx and expand. Given the properties of geometric products, what is —nxn?
(¢) What about nxn?
(d) Which of the expressions from parts (b) and (c) gives reflection in the line spanned by n?
Which gives reflection in the plane with normal n?
Check for yourself that this works in two dimensions as well. In that case, the problem would be
restated as “reflect x across the line with normal n.” This can also be extended to higher dimensions.

Definition 6:
For a vector a and a bivector B, we define a - B to be the vector part of aB, and a A B to be the
trivector part of aB.

This is in no way a precise definition; the “dot product” used here is a version of something called
“contraction” in geometric algebra. For the purposes of this packet, we define it this way for
simplicity.

Problem 25:
Define the inverse of bivector B to be the bivector B~ such that BB~! = 1.
(a) Let B be ejea. What is B~1? Do the same for other basis bivectors eses, ezey.
(b) Find a formula for B~! for a more general bivector B.
Hint: If it is difficult to do this for a linear combination of all three basis bivectors, first try a
bivector involving only two basis bivectors.



Problem 26:
Let B be a nonzero bivector representing a plane. Write the projection of a vector a onto the plane
represented by B in terms of B~!.

Definition 7:
The geometric algebra G? is the set of all sums of a scalar, a vector, and a bivector in R2. Thus every
element of G2 has the form

M =s+v+B,

where s is a scalar, v € R? is a vector, and B is a bivector.

Definition 8:
The geometric algebra G? is the set of all sums of a scalar, a vector, a bivector, and a trivector in R3.
Thus every element of G2 has the form

M=s+v+B+T,
where s is a scalar, v € R3 is a vector, B is a bivector, and T is a trivector.

Problem 27:

(a) Determine the number of basis elements of G and G®.
(b) Generalize your result to G and identify a pattern.

Problem 28:
Let I, = ejeq in G2, and let I3 = ejezes in G3.
(a) In G2, given an arbitrary vector n, compute nl.
(b) In G3, given an arbitrary vector n, compute nl3.
(c) Let B=uA v be a bivector in G3. Use multiplication by I3 to find a vector perpendicular to
the plane represented by B.
Hint: Remember that x A (u A v) = 0 if it lies on the plane spanned by u A v.
(d) Verify that this agrees with the cross product, including the coefficients.

Definition 9:
In G™, the product of all basis vectors I = ejes - - - ey is called the pseudoscalar.

It plays a special role because:
< I? =41,
« any highest-"dimension” element in G" is a scalar multiple of I,
- multiplying by I often converts a subspace element into an object representing its orthogonal
complement.
In G2, for example, multiplying a vector by I gives a bivector representing the perpendicular plane,
and multiplying a bivector by I gives a vector perpendicular to that plane.



Problem 29:

In G3, let I = e;eges, where {e1,ez2,e3} is an orthonormal basis of R3.
(a) Show that Iv = vI, IB = BI for every vector v, and every bivector B in G3.
(b) Show I? = —1. Conclude that I"* = —1.
(c) In G", what is I??

Problem 30:
Let a,b # 0 be given vectors.
(a) Show that (x —a)Ab = 0 is a vector equation of the straight line / through a and parallel to b.
(b) Show that the parallelogram with sides x and b and the parallelogram with sides a and b have
the same area.

Problem 31:
Let a be a given vector, B # 0 be a given bivector.
(a) Show that (x —a) AB = 0 is an equation of a plane P through a and parallel to the plane
represented by B.
(b) Let n be a normal vector to the plane represented by B. Show that (x —a)-n = 0 is a equation
of a plane P through a and parallel to plane B.
(c) Deduce that for any vector v in G3, v AB = (v - n)L

Problem 32:
Rewrite the geometric product in G2 in terms of the dot product and the cross product. Hint:
Remember we proved v x w = —I(v A w).

Problem 33:
Write each bivector B as nl, where n is the normal vector to plane represented by B and I the
pseudoscalar in G*. Show that u A B = (uB + Bu) and u-B = 1(uB — Bu).

1 1

Hint: Remember for vectors u,v, uAv = 5(uv —vu), and u-v = 3(uv + vu).

Problem 34:
Let u, v, w be vectors in G3.
(a) uA (vAW) = 3(uvw + vwu).
(b) (Vector Triple Product) u- (vAw)=—(u-w)v+(u-v)w.
Show that this is the same as u x (v x w) = (u-w)v — (u-v)w.
(¢) (Jacobi identity) u- (vAwW)+v:-(wAu)+w-(uAv)=0.



Part 3: Rotations and Quaternions

Problem 35:
Let B be a bivector in R® of the form

B = aije1 N\ eg + azeq N es + asex A €3.

(a) Prove that B can be written in the form B = bi, where b € R and i = aejes + beaes + cege; is
a unit bivector (i.e. a® +b% + ¢ = 1).
(b) Conclude that every bivector in R? is proportional to a unit bivector representing a plane.
Extra: Explain why this result does not generally hold in R%.

Definition 10: Complex number
A complex number is a number of the form a + bi, where a,b € R and i®> = —1.

Definition 11: Quaternion
A quaternion is a number of the form a + bi + ¢j 4+ dk, where a,b,c,d € R and
i? =352 =k?=ijk=—1,ij =k, jk = i, ki = j with multiplication not commutative.

Problem 36:
Let {e1, ez, es} be an orthogonal basis of R3.
(a) Compute (erez)?, (eze3)?, and (eze;)?.
(b) Choose signs and define i = +ejeq,j = +eses, k = tege; such that they satisfy the properties
defined in the definition of quaternions above.
(c) Express an arbitrary bivector B in terms of i, j, k. Compute B2.
(d) Suppose B = bi, where i is a unit bivector. Determine b and express i in terms of i, j, k.
(e) Verify that i = —1. (Note that i here denotes an arbitrary unit bivector, not necessarily equal
to1 = (s3] ez.)

This shows that any unit bivector’s square is —1. Does this seem familiar?

Problem 37:

Let i be a fixed unit bivector satisfying i2 = —1.
(a) Show that the set {a + bi | a,b € R} is closed under multiplication.
(b) Conclude that this set is isomorphic to the complex numbers.

10



Definition 12:
The famous Euler’s identity
el = cosh +isinb,
is not hard to prove using the Taylor series expansion of the exponential function.
Problem 38:
Try substituting if into the Maclaurin series expansion of e*, and separate into expansions for cos(x)
and sin(zx).

Problem 39:
(a) Show that for a fixed unit bivector i,

elf1gi02 — i(01+02)

(Note that i is the same bivector in both factors.)
(b) Show that the inverse satisfies

(eie)*l — if

Definition 13:
Let i be a unit bivector. An oriented angle in the plane i is represented by the bivector if, which
specfies the plane of rotation i and the magnitude 6.

Problem 40:
Let i = e; A ez be a unit bivector, where {e1, ea} is an orthonormal set.

(a) Show that
(@)= (22):

where R(6) is the 2 x 2 rotation matrix corresponding to a counterclockwise rotation by 6.
(b) Describe how to obtain a clockwise rotation by 6. (You may either modify e or change the

order of multiplication.)
(¢) Show that
e—i0/2 (el) eif/2 _ R(0) <e1) .
(D) (D)

11



Problem 41:
Let x be a vector lying in a plane i. Let n and m be unit vectors in the same plane, separated by an
angle ¢.
(a) Reflect x first across the line perpendicular to n and then across the line perpendicular to m.
Describe the resulting transformation geometrically.
(b) Express the composition of these reflections in terms of the geometric product mn. How does
this relate to rotations discussed earlier?
(c) Does the order of reflections matter? Justify your answer.

Theorem 2:

Let u and v be vectors in G®, and let if denote the oriented angle from u to v in their spanning
plane.
(a) Show that

uv = rel? = q + bi,

for appropriate scalars 7, a, b.
Hint: Remember we proved that given vector a, we can find v such that v-a=s, vAa=B.
(b) Determine r, a, and b explicitly in terms of u and v.
Hint: Choose an orthonormal basis {e1, ez} for the plane containing u and v.

Notice that i depends on the plane spanned by u and v, and is therefore not fixed in G3.
Thus, the expression rel?
an angle # in the plane i.

may be interpreted geometrically as an oriented arc of radius r subtending

Problem 42:

Let i = ejeq. Express Gei2m/3

as the geometric product of two vectors.

12



Definition 14:

A generalized complex number in G™ is a multivector that can be expressed in the exponential form
described in Theorem 2.

In G2, this coincides with the classical complex numbers.

Problem 43:

Show that vu = re~1?

= g — bi is the complex conjugate of Z = uv.

Problem 44:
Let
B = byiy + boig + b3is,

where i; = ejes, i = ezes, and i3 = ege;. Find vectors u, v such that uv = B.
Hint: Find a vector which lies on the plane first. If you can’t, remember that a bivector in R? always
has a normal vector.

Definition 15:

A generalized complex number in G? is called a quaternion.

Notice that this is not exactly the same quaternion as defined algebraically before. A typical choice
would be i = —ege3,j = —eze;, k = —ejeq. This is because e;i = —I =1"', and etc.

Extra: Explain why this structure does not generalize directly to higher-dimensional algebras G™.

Theorem 3:
A quaternion has the form
a + blil —+ b2i2 + b3i3.

(a) Show that quaternions are closed under addition.
(b) Show that quaternions are closed under the geometric product.
Hint: You may use the relations i, j, k derived earlier, if it’s easier.
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Problem 45:
Prove De Moivre’s theorem:

(cos O + isin0)™ = cos(nb) + isin(nb),

where i is a fixed unit bivector and n € Zx.

Problem 46:
Assume that u lies in the plane of a unit bivector i. Using

uv = |u| |v| ¥,
show that if v is obtained from u by a rotation through angle 6 in the plane i, then

V = ue

Notice that this is not the usual way rotations in R3 are described. Normally, a rotation is specified
by an axis and an angle. Here, instead, the rotation is specified by the plane i and the angle 6.
What happens if u is not entirely contained in the plane i?

Problem 47:
Let i be a unit bivector in G3.
(a) If v lies in the plane of i, show that

Hint: Recall how vectors in G? interact with a fixed unit bivector.
(b) If v is perpendicular to the plane of i, show that

Problem 48:
Let u be a vector that is not necessarily contained in the plane of a unit bivector i.
(a) Decompose u into two components, where one component is unchanged by the rotation and the
other is.
(b) Show that if R; 9(u) denotes rotation of u by angle 6 in the plane i, then

Rig(u) = e 10/2 qel?/2,
Writing R = e~/2, show that RR =1.

(c) Let I denote the pseudoscalar in G3, and let n be the unit rotation axis. Rewrite the rotor
formula in axis-angle form.
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Thus the quaternion

represents the rotation R; ¢ through

Problem 49:
Show that a rotation can again be done by reflecting across vector m and n separated by an angle ¢,
this time not necessarily on the same plane as the reflected vector v.

Problem 50:
Show that rotating by 27 — 6 and 6 should be the same.

Theorem 4:
The composition of two rotations is again a rotation. In particular, if Ry = e~ 1101/2 R, = ¢~1202/2
then there exist a unit bivector i and an angle 6 such that Ro Ry = e—i0/2,

Problem 51:

(a) Show that any unit quaternion ¢ = a + bi, where i is a unit bivector and va? + b?> = 1, can be
represented in form e1%/2. (For consistency, we use 6/2, but note that it can be represented as
el? where ¢ = 0/2.)

(b) Prove the theorem above. Hint: Remember that quaternion is closed under multiplication.

Problem 52:
Rotate an arbitrary vector v by angle 7 about the z-axis. Write the rotation both in rotor form and
as an explicit formula for the image of v.
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Problem 53:
Show that the composition of a rotation by 90° about the z-axis followed by a rotation by 90° about
the z-axis is represented by the rotor

e; —e2 teg

cos(60°) — e

Isin(60°),

where I is the pseudoscalar of G3.

Problem 54:
Let ¢ = e 1%/2 = ¢ — bi — ¢j — dk be a unit quaternion, where a? + b? + ¢ 4+ d2 = 1. Instead of using
the typical order of bivectors, use i = egeg,j = ege1, k = ejea. (Why?)
(a) Compute ge1q, ge2q, gesq.
(b) Use what g does to the basis vectors for v = aje; + ases + azes to derive 3 x 3 rotation matrix
corresponding to quq.
Verify that this matrix is

a?+ b2 —c?—d? 2(bc — ad) 2(ac + bd)
2(ad + be) a?—b*+c* —d? 2(cd — ab)
2(bd — ac) 2(ab + cd) a? —b? — c? + d?

Problem 55:

Let the previous unit quaternion be the usual way for us to define quaternions, namely

q=e192 = cos(0/2) — isin(6/2).

Writing nI = i, where n = nye; + nses + nges is the normal vector to plane represented by bivector
i, verify the Rodriguez rotation matrix is

cosf +n?(1 — cos ) nina(l —cosf) —ngsinf ninsg(l — cosf) + nysind
R(n,0) = | neni(1l — cosd) + nzsind cosf +n3(1 — cosd) nang(l — cosf) —nysinf | ,
nany (1l —cosf) —nasinfd  nzna(l —cosd) + nysind cos +n3(1 — cos )
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