10.

Number Theory

. Prove that for all positive integers n, the fraction

21n + 4
14n + 3

is irreducible.

. Prove that for all integers n:

(a) n® — 5n3 + 4n is divisible by 120;
(b) n? + 3n + 5 is not divisible by 121.

. Let n be a positive integer. Find the sum of all even numbers between n?—n~+1 and n®>+n+1.

. Find all the pairs of integers (m,n) so that the numbers

A=n?>4+2mn+3m?>+2, B=2n>+3mn+m?>+2, C=3n>+mn+2m?+1

have a common divisor greater than 1.

. Let n be a positive integer and let 1,e9,...,&, € {—1,1} such that

€162 + 963+ - +ene1 = 0.

Prove that n is divisible by 4.

. Find all the positive integers a, b for which a* + 4b* is a prime.

Find the greatest common divisor of the numbers
An — 2377, + 36n+2 + 56n+2

when n =0,1,...,1999.

. Determine the number of functions f : {1,2,...,n} — {1995,1996} which satisfy the condi-

tion that
F)+ f(2) 4+ -+ f(1996)

is odd.

. Let n be an even positive integer and let a,b be positive coprime integers. Find a and b if

a + b divides a™ + b".
Let p be a prime number. Find all k£ € Z such that
k2 — pk

is a positive integer.
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Let p > 2 be an odd number and let n be a positive integer. Prove that p divides
PP o (p— 1)

Find all nonnegative integers m such that (22"*1)2 + 1 is divisible by at most two different
primes.

Homework

w

Prove that for any integer n > 1 the number n° + n 4+ 1 is not a prime.
Find an integer n with 100 < n < 1997 such that n divides 2" + 2.
Find all positive integers n such that 3"~ 4+ 571 divides 3" + 5.

Concept Map — Number Theory:
Create an ontological map (concept map) of the Number Theory material we have studied so
far. Your map should:

e Include key theorems, definitions, and results

e Represent each theorem as a node
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e Show relationships between them with labeled connections (e.g., “implies,” “uses,” “gen-
eralizes,” “special case of”)

In addition, for each theorem you include, try to associate a “favorite problem” (from class,
homework, or elsewhere) where that theorem is useful, and briefly indicate the connection.

Be prepared to compare and discuss your maps at the beginning of the next class.



