
AMC Algebra: More Techniques and
Patterns—Continued
Connor Zhao, Charles Breeden

1 Rewriting Expressions and Vieta’s Formulas

The skill of rewriting algebraic expressions in terms of simple polynomials is super useful.

It can especially come in handy when working with Vieta’s Formulas. According to Vieta,

if ax2 + bx+ c = 0 has solutions r and s, then r + s = − b
a
and rs = c

a
.

Problems

Problem 1.1. Write r2 + 2rs+ s2 in terms of r + s and rs.

Problem 1.2. Write rs2 + r2s in terms of r + s and rs.

Problem 1.3. Write r3 + s3 in terms of r + s and rs.

Problem 1.4. Write 1
r
+ 1

s
in terms of r + s and rs.

Problem 1.5. Write 1
r2

+ 1
s2

in terms of r + s and rs.

Problem 1.6. r and s are the two solutions to the equation x2+7x+8 = 0. Without finding

the values of r and s, find the value of r2 + s2. Hint: what are r + s and rs?

Problem 1.7. r and s are the two solutions to the equation x2+8x+9 = 0. Without finding

the values of r and s, find the value of (r + 1)(s+ 1).

Problem 1.8. The roots of x2 − 5x+ 6 = 0 are r and s. Find:

r2

s
+

s2

r

Problem 1.9. Suppose that a and b are nonzero real numbers, and that the equation

x2 + ax+ b = 0

has solutions a and b. What are a and b?

Problem 1.10. The solutions x = u and x = v of the quadratic equation

rx2 + sx+ t = 0

are reciprocals of the solutions of the quadratic equation

(2 + a)x2 + 5x+ (2− a) = 0

for some integer a. If the greatest common factor of r, s, and t is 1, find the

value of r + s+ t.
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3 Series and Pattern Recognition

3A Telescoping Series Often when we see complicated expressions with many terms, we

can rewrite them so that most terms cancel. In many cases, everything cancels except for

the first and last term. This is called telescoping.

Problem 3.1. Rewrite
1

n(n+ 1)

in the form
A

n
+

B

n+ 1
.

Problem 3.2. Use your result to find:

1

1 · 2
+

1

2 · 3
+

1

3 · 4
+

1

4 · 5
.

Problem 3.3. What is the value of

1

2 · 3
+

1

3 · 4
+

1

4 · 5
+ · · ·+ 1

99 · 100
?

Problem 3.4. What is the value of the product(
1 +

1

1

)(
1 +

1

2

)(
1 +

1

3

)(
1 +

1

4

)(
1 +

1

5

)(
1 +

1

6

)
?

Problem 3.5. What is the value of the product(
1 · 3
2 · 2

)(
2 · 4
3 · 3

)(
3 · 5
4 · 4

)
· · ·
(
98 · 100
99 · 99

)
?

3B Arithmetic and Geometric Series As a reminder, many sequences follow predictable

patterns. The formulas for the sum of the first n terms of arithmetic and geometric sequences

are shown below.

For arithmetic sequences with first term a1 and common difference d:

an = a1 + (n− 1)d,

Sn =
n

2
(2a1 + (n− 1)d) .

For geometric sequences with first term a1 and ratio r:

an = a1r
n−1,

Sn =
a1(1− rn)

1− r
, if r ̸= 1.
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Problem 3.6 How many sets of two or more consecutive positive integers have a sum of 15?

Problem 3.7 A grocer makes a display of cans in which the top row has one can and each

lower row has two more cans than the row above it. If the display contains 100

cans, how many rows does it contain?

Problem 3.8 Find the value of

1 + 2 + 4 + 8 + · · ·+ 210.

Problem 3.9 The sum of the first n terms of a geometric sequence is 1023, and the first term

is 1 with common ratio 2. What is n?

Problem 3.10 A geometric sequence has first term 3 and ratio r. The sum of the first four

terms is 45. What is r?

3C Sums of Squares and Cubes We know the sum of the first n positive integers is

described by:

1 + 2 + · · ·+ n =
n(n+ 1)

2
.

We can find similar formulas for the sum of the squares and cubes of the first n positive

integers.

Sum of Squares

To derive a formula for the sum of the squares, we can start with the identity

(k − 1)3 = k3 − 3k2 + 3k − 1.

Rearrange:

k3 − (k − 1)3 = 3k2 − 3k + 1.

Problem 3.11 What do you get when you sum both sides from k = 1 to n? (Hint: On the

left-hand side, most terms telescope. What expression remains?)

Problem 3.12 Use the formulas
n∑

k=1

k =
n(n+ 1)

2
and

n∑
k=1

1 = n

to write an equation involving
n∑

k=1

k2.

Problem 3.13 Rearrange and simplify the resulting expression to show that

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.
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Sum of Cubes

We can use a similar idea to derive a formula for the sum of cubes.

Start with the identity:

(k − 1)4 = k4 − 4k3 + 6k2 − 4k + 1.

Problem 3.14 Try to rearrange this identity into an expression where terms telescope when

added, and then sum both sides from k = 1 to n. What does the left-hand side

simplify into?

Problem 3.15 Use your result along with the formulas for

n∑
k=1

k2,

n∑
k=1

k, and
n∑

k=1

1

to write an equation involving
n∑

k=1

k3.

Problem 3.16 Rearrange and simplify the resulting expression to show that

n∑
k=1

k3 =

(
n(n+ 1)

2

)2

.

Practice

Problem 3.17 Find:

12 + 22 + · · ·+ 102.

Problem 3.18 What is the value of:

13 + 23 + · · ·+ 103?

Problem 3.19 Find:
20∑
k=1

(k3 + k2).
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3D Sums of nth Powers From what we’ve done before, you may guess that there are

formulas for the sum of the nth powers for all n. In fact, this is true, and we have that:

n∑
k=1

k =
1

2
n2 +

1

2
n

n∑
k=1

k2 =
1

3
n3 +

1

2
n2 +

1

6
n

n∑
k=1

k3 =
1

4
n4 +

1

2
n3 +

1

4
n2

n∑
k=1

k4 =
1

5
n5 +

1

2
n4 +

1

3
n3 − 1

30
n

n∑
k=1

k5 =
1

6
n6 +

1

2
n5 +

5

12
n4 − 1

12
n2

n∑
k=1

k6 =
1

7
n7 +

1

2
n6 +

1

2
n5 − 1

6
n3 +

1

42
n

n∑
k=1

k7 =
1

8
n8 +

1

2
n7 +

7

12
n6 − 7

24
n4 +

1

12
n2

Immediately, many patterns pop out. Try to find at least 3 patterns in the set of equations

above.

Problem 3.20 Derive the formula for
∑n

k=1 k
4 using a similar strategy as before. Convince

yourself that the same can be done for
∑n

k=1 k
5,
∑n

k=1 k
6,
∑n

k=1 k
7, etc.

Problem 3.21 With reference to the strategy that you used in Problem 3.20, explain why the

formula for
∑n

k=1 k
a should always be a polynomial that looks like

ca+1n
a+1 + can

a + ...+ c1n+ c0

That is, explain why the leading term of the formula should always have an

exponent of a+ 1

With this pair of facts in hand, we can begin to prove one of the more interesting patterns

in the above set of equations: we can show that the leading coefficient of the formula for∑n
k=1 k

a is always 1
a+1

.
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Before we begin, you should remember a couple of key facts from previous packets:

1. (n+ 1)m =
∑m

k=0

(
m
k

)
nm−k

2.
(
m
1

)
= m

Problem 3.22 Notice that, if
∑n

k=1 k
a = ca+1n

a+1 + can
a + ...+ c1n+ c0, then

n+1∑
k=1

ka = ca+1(n+ 1)a+1 + ca(n+ 1)a + ...+ c1(n+ 1) + c0(
n+1∑
k=1

ka

)
−

(
n∑

k=1

ka

)
=
(
ca+1(n+ 1)a+1 + ca(n+ 1)a + ...+ c1(n+ 1) + c0

)
−
(
ca+1n

a+1 + can
a + ...+ c1n+ c0

)
(n+ 1)a =

(
ca+1(n+ 1)a+1 + ca(n+ 1)a + ...+ c1(n+ 1) + c0

)
−
(
ca+1n

a+1 + can
a + ...+ c1n+ c0

)
What is the leading term of the right-hand side after you fully simplify it?

Problem 3.23 Explain why ca+1 must always be 1
a+1

.

4 Practice Problems/Homework

Problem 4.1 Express rs5 + r5s in terms of r + s and rs

Problem 4.2 Find the value of
1

1 · 2
+

1

2 · 3
+ · · ·+ 1

99 · 100
.

Problem 4.3 Find the value of

1 · 2 + 2 · 3 + 3 · 4 + · · ·+ 50 · 51.

Problem 4.4 The roots of ax2 + bx+ c = 0 are 6 and p. The roots of cx2 + bx+ a = 0 are q

and r. Find the value of pqr.

Problem 4.5 Find the value of
100∑
n=1

1

n(n+ 1)(n+ 2)
.
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