ORMC AMC 10/12 26S WEEK 2: 3D GEOMETRY

PROBLEMS

Problem 1 (2015 AMC 10B). When the centers of the faces of the right rectangular prism shown below
are joined to create an octahedron, what is the volume of the octahedron?

(A) = (B)10 (©)12 (D)10v2 (E)15

Problem 2 (2023 AMC 12B). A lampshade is made in the form of the lateral surface of the frustum of a
right circular cone. The height of the frustum is 3v/3 inches, its top diameter is 6 inches, and its bottom
diameter is 12 inches. A bug is at the bottom of the lampshade and there is a glob of honey on the top edge
of the lampshade at the spot farthest from the bug. The bug wants to crawl to the honey, but it must stay
on the surface of the lampshade. What is the length in inches of its shortest path to the honey?
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Problem 3. A large cube is formed by stacking 27 unit cubes. A plane is perpendicular to one of the
internal diagonals of the large cube and bisects that diagonal. The number of unit cubes that the plane
intersects is

Problem 4 (2016 AIME I). A right prism with height h has bases that are regular hexagons with sides of
length 12. A vertex A of the prism and its three adjacent vertices are the vertices of a triangular pyramid.
The dihedral angle (the angle between the two planes) formed by the face of the pyramid that lies in a base
of the prism and the face of the pyramid that does not contain A measures 60 degrees. Find hZ.
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Problem 5 (2020 AIME I). A flat board has a circular hole with radius 1 and a circular hole with radius 2
such that the distance between the centers of the two holes is 7. Two spheres with equal radii sit in the two
holes such that the spheres are tangent to each other. The square of the radius of the spheres is 7%, where
m and n are relatively prime positive integers. Find m + n.

Problem 6 (2013 AMC 10A). Six spheres of radius 1 are positioned so that their centers are at the vertices
of a regular hexagon of side length 2. The six spheres are internally tangent to a larger sphere whose center
is the center of the hexagon. An eighth sphere is externally tangent to the six smaller spheres and internally
tangent to the larger sphere. What is the radius of this eighth sphere?
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Problem 7 (2005 AMC 10A). A rectangular box P is inscribed in a sphere of radius r. The surface area
of P is 384, and the sum of the lengths of its 12 edges is 112. What is r?

Problem 8 (2020 AIME II). Two congruent right circular cones each with base radius 3 and height 8 have
the axes of symmetry that intersect at right angles at a point in the interior of the cones a distance 3 from
the base of each cone. A sphere with radius 7 lies within both cones. The maximum possible value of 2 is

~* where m and n are relatively prime positive integers. Find m + n.

Problem 9 (BMT 2022, Difficult). Seven spheres are situated in space such that no three centers are
collinear, no four centers are coplanar, and every pair of spheres intersect each other at more than one point.
For every pair of spheres, the plane on which the intersection of the two spheres lies in is drawn. What is
the least possible number of sets of four planes that intersect in at least one point?

Problem 10. Consider 27 unit-cubes assembled into one 3 x 3 x 3 cube. Let A and B be two opposite corners
of this large cube. Remove the one unit-cube not visible from the exterior, along with all six unit-cubes in
the center of each face. Compute the minimum distance an ant has to walk along the surface of the modified
cube to get from A to B.

Problem 11 (2015 AIME II). A cylindrical barrel with radius 4 feet and height 10 feet is full of water.
A solid cube with side length 8 feet is set into the barrel so that the diagonal of the cube is vertical. The
volume of water thus displaced is v cubic feet. Find v2.

Problem 12 (2023 AMC 12B). A unit cube has vertices P1, Pa, P3, Py, P/, Py, Py, and P;. Vertices P,
Ps, and Py are adjacent to P and for 1 < i < 4, vertices P; and P/ are opposite to each other. A regular
octahedron has one vertex in each of the segments Py P», Py Py, P\ Py, P{Pj, P{P}, and P{P;. What is the
octahedron’s side length?
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Problem 13 (2023 AIME I, Difficult). Each face of two noncongruent parallelepipeds is a rhombus whose
diagonals have lengths v/21 and +/31. The ratio of the volume of the larger of the two polyhedra to the
volume of the smaller is 2= where m and n are relatively prime positive integers. Find m + n.

Problem 14 (2011 AIME I). A cube with side length 10 is suspended above a plane. The vertex closest
to the plane is labeled A. The three vertices adjacent to vertex A are at heights 10, 11, and 12 above the

Tft‘/g, where r, s, and t are positive

plane. The distance from vertex A to the plane can be expressed as
integers. Find r 4 s + .

Problem 15. A regular octahedron has side length 1. A plane parallel to two of its opposite faces cuts
the octahedron into the two congruent solids. The polygon formed by the intersection of the plane and the
octahedron has area “Tb, where a, b, and ¢ are positive integers, a and ¢ are relatively prime, and b is not

divisible by the square of any prime. What is a + b + ¢?



Homework

On a separate sheet on paper, please bring in solutions for these 5 problems to be graded and returned
to you - these will contribute towards your attendance for next week! It is okay if you do not know how to
solve all of the problems - partial progress is perfectly fine, just write down as much as you know.

Problem 16. In three-dimensional coordinate space, a lattice point is a point whose coordinates are all
integers. A triangular prism has all vertices at lattice points. Its triangular faces are both parallel to the
zy-plane, and its rectangular faces are all parallel to the z-axis. The prism has 34 lattice points on its edges
(including the vertices), 72 lattice points in the interior of its faces (not including the edges), and 126 lattice
points in its interior (not including the faces). What is the volume of the prism?

Problem 17. A tetrahedron has three edges of length 2 and three edges of length 4, and one of its faces is
an equilateral triangle. Compute the radius of the sphere that is tangent to every edge of this tetrahedron.

Problem 18. Points A, B, C, D, E, and F lie on a sphere with radius v/10 such that lines AD, BE, and
CF are concurrent at point P inside the sphere and are pairwise perpendicular. If:

PA=6

PB =410

PC =415

what is the volume of tetrahedron DEF P?

Problem 19. An ant sits on the circumference of the circular base of a party hat (a cone without a circular
base for the ant to walk on) of radius 2 and height V5. If the ant wants to reach a point diametrically
opposite of its current location on the hat, what is the minimum possible distance the ant needs to travel?
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Problem 20. 3. In unit cube ABCDEFGH (with faces ABCD, EFGH and connecting vertices labeled so
that AE, BF,CG, DH are edges of the cube), L is the midpoint of GH. The area of ACAL can be written

in the form 7%, where m and n are relatively prime positive integers. Compute m + n.



