UCLA Olga Radko Endowed Math Circle

The Sierpinski Triangle

Geometric series and 57 Mount Everests of rice.

A geometric sequence, also known as a geometric progression, is
a sequence of numbers

a,ar,ar?, ar’, . ..

such that each member, except for the first one, is a product of
the previous member and a fixed number, called the common
ratio.

A geometric series is the sum of the terms of a geometric
sequence,
a+ar+ar’+ar®+ ...

Problem 1 What is the common ratio of the following geomet-
ric sequence?

1,2,4,8,16, 32, 64

T =



Problem 2 Do the following numbers form a geometric sequence?

1,3,9,27, 54

Problem 3 Write the next two terms of the following geometric
series.

2+ 8+ 32 + +



Example 1 Find the sum 1 +2+4+4+ 8+ 16 + 32 + 64.

Let us call the sum we need to find Sg for the following reason.
S 1s the first letter of the word “sum”. Six is the highest power
of the common ratio of the series in consideration,

1,21 22 23 24 25 96,

Let us multiply Sg by the common ratio, 2, and compare the
result to Sg.

Se = 1+ 2+4+8+16+ 32+ 64

255 = 2+4+8+16+32+64 +128

As we can see, the above sums have lots of equal terms. There
15 only one summand, 128, present in the 2S¢ sum that is absent
from Sg. Similarly, there is only one term, 1, present in the Sg
sum, but absent from 2Sg. This observation makes subtraction
very easy.
25¢ — S =128 — 1

Thus, S¢ = 127.

Problem 4 Check if the following series is geometric.

3+ 15+ 75+ 375+ 1875 + 9375



If it s, use the technique of Example |1 to find the sum. If
you are not yet familiar with division of big numbers, use a
calculator.

Problem 5 What is the common ratio of the following geomet-
ric sequence? Hint: a common ratio can be less than one.

1458, 486, 162, 54, 18, 6
T =

Use a trick similar to that in Example |1 to sum up the above
numbers.



Many, many years ago there lived a ruler, called Shah] Ab-
bas, and there was some big trouble in his kingdom. A wise
man came to the court and gave the shah an advice that fixed
the problem. The shah offered the wise man to choose a reward.
The man said, “I only want one grain of rice put on a chess board
square, twice as many on the next one, twice as many on the
following, and so on until all the squares are used.” The shah
replied, “This puny reward doesn’t match either your merit or
your wisdom, old man, but if you wish so, so it will be.” He
gave the orders, and the servants began carrying in the rice. To
the shah’s surprise, they couldn’t finish their work in one day, in
two days, not even in a week. A month later, the prime-minister
informed the ruler that the kingdom was out of rice, up to the
last grain. However, only a small part of the promised reward
was gathered. Let us see what happened.

There are 64 squares on a chess board. The number of rice
grains the wise man has asked for form a geometric series.

Se3=1+2+22+27 4., 420

Let us use the trick from Example [I] to find the sum. The
common ratio of the above series is two, so

2563 = 2422+ 23 4+ ... 4203 4 204,

Now, 2Sg3—Sg3 = 204 —1. This gives us the following number.

LA king of Iran at the times when Iran was a monarchy.



Ses = 18, 446, 744,073, 709, 551, 615

There are about 50,000 rice grains in a kilogram. Dividing
Sg3 by fifty thousand gives us the weight, in kilograms, of the
total reward. It is 368,934,881,474,191.032,3 or approximately
3.7 x 10* kilograms.

368, 934, 881,474,191 =~ 3.7 x 1014

The wavy “equals” sign, 2, reads as “approximately equals”.
As you can see, the numbers

368, 934, 881,474,191 and
370, 000, 000, 000, 000

are close to each other, the second being simpler, but still a good
approximation of the first. The second number,

370, 000, 000, 000, 000

can be obtained from the number 3.7, if we multiply the latter
by 104, that is by one followed by fourteen zeros.

For comparison, the weight of the tallest mountain on Earth,
Mount Everest, is a “mere” 6.5 x 10'% kg.

Weight of the reward rice, in kg: 370,000,000,000,000
Weight of Mount Everest, in kg: 6,500,000,000,000

Problem 6 Approrzimately how many times the weight of Mount
Fverest in rice has the shah promised to the wise man?
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Mount Everest.

The Sierpinski traingle

Below, we shall construct a remarkable geometric object, called
the Sierpinski triangle (a.k.a. the Sierpinski carpet, Sierpinski

sieve, and Sierpinski gasket) after its inventor, Waclaw Sierpin-
skiP]

Step 0.

Let us take an equilateral triangle STj. (We can start with
any triangle. We take the equilateral one for a purely aesthetic

21882 — 1969, a renown Polish mathematician.



reason. )

To figure out its area, let us cut it in halves along the dashed
line and assemble into a rectangle.



The area of the triangle equals to that of the rectangle. The
latter can be computed as its length x width. Let’s call it A.

Step 1.



Let us take STy and connect its midpoints. That splits the
triangle into four smaller triangles of equal size. Let us cut out
the one in the middle. Let us call ST} the resulting triangle with
a hole in the center.

Problem 7 What part of STy did we throw away?
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Let us call A; the area of STj.

Problem 8 Ezpress A; as a multiple of Ay.
A1 = X AQ

To visualize Ay, let us first cut the triangles of ST} into halves
as below.
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Aj equals to the area of the following figure.
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Step 2.

Let us take ST and connect the midpoints of the three tri-
angles it is made of. That splits each of the three triangles into
four smaller triangles of equal size. Let us cut out the middle
ones and call the resulting figure S75.

Problem 9 Draw ST,. Shade the triangles we need to throw
out.

Let us call Ay the area of ST5.
Problem 10 Ezxpress Ao as a multiple of Ay.

A2: XA1
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Problem 11 FExpress Ao as a multiple of Ay.

A2: XAO

To visualize As, let us first cut the triangles of ST5 into halves
as below.
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As equals to the area of the following figure.
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Step 3.

Let us take STy and connect the midpoints of the nine tri-
angles it is made of. That splits each of the triangles into four
smaller triangles of equal size. Let us cut out the middle ones
and call the resulting figure ST5.

Let us call Az the area of STj.

Problem 12 FExpress A3 as a multiple of As.
Ag = X AQ
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Problem 13 FExpress A3 as a multiple of Ay.

Agz XAO

Problem 14 Note that the areas Ay, A1, Az, and Az form a
geometric sequence. What is the common ratio of the sequence?

T =
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Step 4.

Problem 15 Use the below picture of S13 to draw STy.

Let us call A4 the area of STy.

Problem 16 FExpress Ay as a multiple of Ap.

A4= XAO
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Finishing the construction.

Imagine that we take Step 5, Step 6, and so on to infinity.
The resulting figure is called the Sierpinski triangle, or ST'. Re-
member, Math is not only science, but also a language. In this
language, we write down the above construction as

ST = lim (ST,)

n—oo

This Math sentence reads, “ST is the limit of ST}, as n goes to
infinity.”

Problem 17 Let Ajpgo0 be the area of the figure we obtain
in Step 10,000. Express Aipooo as a multiple of Ay.

A10,000 = X Ay

To answer the following questions, take a look at the figures
representing the areas Ay (page [9)), A1 (page [12)), and A, (page
[15). Do they get smaller and smaller? Do they decrease fast?

Let us call A the area of the Sierpinski triangle ST'. Then

A= lim (A,) = lim (§> A

n—00 n—oo \ 4

Question 1 What do you think is the area of the Sierpinski
triangle?
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To figure out the answer, we have to take the original area,
Ay, cut out a quarter of it and throw away. Then we throw away
a quarter of what’s left, Ay, then a quarter of what’s left, and
so on to infinity. In the end, we end up with nothing left. The
area of the Sierpinski triangle is ... ZERO!

n—oo \ 4

The area of the Sierpinski triangle is zero, but it’s not empty
at all. It has as many points as the original uncut triangle,
STy. This is only one of the properties that make the Sierpinski
triangle truly remarkable. The next one is probably even more
puzzling.

Question 2 What is the dimension of a usual triangle, like ST}

(page[8)?
dim (ST) =

Cutting any finite number of holes does not change the dimen-
sion. All the approximations of the Sierpinski triangle, STq, ST7,
STy, STs, ... STippoo, and so forth, remain two-dimensional.
The miracle happens in the limit.

Question 3 What do you think is the dimension of the Sierpin-
ski triangle?

dim (ST) =
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dim (ST) = 1.584962. ..

(To be precise, the Hausdorff dimension of the Sierpinski tri-
angle is log 3/ log 2, whatever it means.)

Just imagine a carpet of zero area and of dimension more

than one, but less than two. The Sierpinski carpet is a magic
carpet indeed!
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