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1 Directed Angles

Many olympiad contestants use directed angles in their proofs. This has no intrinsic differ-
ence as writing your proofs with normal angles, but it deals with configuration issues in one
fell swoop (i.e. obtuse AABC instead of acute AABC'). We define them here in case you
want to use them.

Definition 1: The directed angle LABC is an argument 6 € [0,180°) which is equal to
the traditional angle ZABC' if A, B,C appear in counterclockwise order and is equal to
—/ABC = 180° — ZABC otherwise. Directed angles are reduced modulo 180°, that is,
0° = 180° = 0°.

As we will see, directed angles simplify a lot of technicalities which could be annoying
otherwise. Consider the following propositions:

Proposition 1: Let A, B, C be points on a line ¢ and P a point not on ¢. Then { PAB =
£LPAC.

Proposition 2: Let A, B,C, D be points on a plane. Then ABCD is cyclic if and only if
£LABC = LADC.

Note that the above relation takes into account two cases: one where B and D lie on opposite

sides of AC' and one where they lie on the same side. You can check that this equivalence
makes sense in both cases.

Proposition 3: Let A, B,C be points. Then L ABC + { BCA+ £CAB = 0°.

Proposition 4: Let A, B,C, D be points. Then L ADB + £ABDC + £CDA = 0°.



Proposition 5: (very useful) Let w be a circle. Let A, B, C' be points on w, and let P be a
point outside w. Then PA is tangent to w if and only if {PAB = LACB.

2 Walkthroughs

We present one problem where directed angles are used in the solution, and one where they
are omitted, for comparison.

2.1. (Miquel’s theorem) Let AABC be a triangle, and let D, E, F' be points on
lines BC, C'A, AB respectively. Prove that the circles (AEF), (BFD), and (CDE)
meet in one point.

(Here (XY Z) denotes the circumcircle of triangle AXY Z.)

Walkthrough.

(a) Draw a few possible diagrams (remember that D, E, F' can lie outside the sidelines)
and convince yourself that the theorem is true.

(b) Let X denote the second intersection of (BF D) and (CDE). (What is the first inter-
section?) Write an equivalent statement involving points A, E, X, F.

(c) Rewrite L EXF using one of the propositions above. You should involve point D.

(d) Use the fact that BDXF and CDXE are cyclic to express £ EX F' using angles from
ANABC only.

(e) Prove that { EXF = LFAF and conclude.

22. (EGMO 2017/1) Let ABCD be a convex quadrilateral with ZDAB =
/BCD = 90° and ZABC > ZCDA. Let Q and R be points on segments BC
and C'D, respectively, such that line QR intersects lines AB and AD at points P and
S, respectively. It is given that PQ) = RS. Let the midpoint of BD be M and the
midpoint of QR be N. Prove that the points M, N, A and C lie on a circle.

Walkthrough.

(a) Draw a good diagram. As a check, what is the center of (ABCD)?

(b) We will prove that ZAMC = ZANC. Compute ZAMC in terms of the angles of
ABCD.

(c) Prove that N is the circumcenter of (APS) and (CQR).
(d) Rewrite ZANC' by splitting it into two smaller angles.
(e) Rewrite the smaller angles using triangles AAPS and ACQR.



(f) Compare what you have with the desired end goal (your expression for ZAMC') and
find a way to get there.

3 Problems

1. Let AABC be a triangle with altitudes AD, BE, CF, orthocenter H, and circumcenter
w. Reflect H over BC and the midpoint of BC' (respectively) to obtain points X and Y.

(a) Prove that BCEF and AEHF are cyclic. Where is the center of (BCEF)? (AEHF)?
(b) Prove that X and Y lie on w, and that XY || BC'.

2. (Incenter-excenter lemma) Let AABC be a triangle with incenter I and A-excenter
I4. Extend line AT to meet the circumcircle of AABC again at M. Prove that BICI, is
cyclic with center M. (The A-excenter is the intersection of the external bisectors of angles

ZABC and ZACB and the internal bisector of ZBAC'.)

3. Let AABC' be a triangle with excenters 14, Ig, I opposite vertices A, B, C' respectively.
Prove that A4 1 Iglc, Blg L Icls, and Clc L I41g. What is the orthocenter of triangle
Al pIglc?

4. (Miquel’s quadrilateral theorem) Let ABC'D be a quadrilateral, and denote E =
ABNCD and F = AD N BC. Prove that the four circles (ABE), (CDE), (ADF), and
(BCF) meet in one point. (Here WX NY Z denotes the intersection of lines WX and Y Z.)

Note: The concurrency point is called the Miquel point of quadrilateral ABC'D.

5. (USAMO 1993/2) Let ABCD be a convex quadrilateral such that diagonals AC' and
BD intersect at right angles, and let E be their intersection. Prove that the reflections of £
across AB, BC', C'D, DA are concyclic.

6. Let AABC be a triangle with altitudes BE and C'F, and let M be the midpoint of BC.
Prove that ME, MF, and the line through A parallel to BC are all tangent to (AEF).

7. (JMO 2011/5) Points A, B,C, D, E lie on a circle w and point P lies outside the circle.
The given points are such that (i) lines PB and PD are tangent to w, (ii) P, A,C are
collinear, and (iii) DE || AC. Prove that BE bisects AC.

8. (USAMO 2025/4) Let H be the orthocenter of an acute triangle ABC, let F' be the
foot of the altitude from C' to AB, and let P be the reflection of H across BC'. Suppose that
the circumcircle of triangle AF P intersects line BC' at two distinct points X and Y. Prove
that CX =CY.



9. (USAMO 2021/1) Rectangles BCC1 By, CAA1Cy, and ABB; A; are erected outside an
acute triangle ABC'. Suppose that

ZBOlC ‘|‘ AOAlA + ZABlB - 1800.

Prove that lines B;C5, C; Ay, and A; B> are concurrent.

10. (USA VIMC TST 2025/2) In AABC with orthocenter H, the reflections of line BC
across lines BH and C'H meet at P, and line HP meets lines AB and AC at B’ and (',
respectively. Let the circumcircles of ABB'P and ACC’'P meet again at X. Show that
LZAXP =90°.

11. (IMO 2020/1) Consider the convex quadrilateral ABC'D. The point P is in the interior
of ABCD. The following ratio equalities hold:

/PAD : /PBA: /DPA=1:2:3=/ZCBP : /BAP : /BPC.

Prove that the following three lines meet in a point: the internal bisectors of angles ZADP
and ZPCB and the perpendicular bisector of segment AB.

12. (USA TSTST 2024/4) Let ABCD be a quadrilateral inscribed in a circle with center
O and E be the intersection of segments AC' and BD. Let w; be the circumcircle of ADE
and wq be the circumcircle of BC'E. The tangent to w; at A and the tangent to wy at C' meet
at P. The tangent to wy; at D and the tangent to wy at B meet at (). Show that OP = OQ).

14. (EGMO 2023/2) We are given an acute triangle ABC. Let D be the point on its
circumcircle such that AD is a diameter. Suppose that points K and L lie on segments AB
and AC, respectively, and that DK and DL are tangent to circle AK L. Show that line KL
passes through the orthocenter of triangle ABC.

15. (Shortlist 2018 G4) A point T is chosen inside a triangle ABC. Let A;, By, and
C1 be the reflections of T"in BC, CA, and AB, respectively. Let €2 be the circumcircle
of the triangle A;B;C;. The lines AT, ByT, and CiT meet €2 again at Ay, By, and (5,
respectively. Prove that the lines AAy, BBy, and C'Cy are concurrent on §2.

16. *(IMO 2025/2) Let 2 and I' be circles with centres M and N, respectively, such that
the radius of €2 is less than the radius of I'. Suppose €2 and I' intersect at two distinct points
A and B. Line M N intersects 2 at C' and I' at D, so that C, M, N, D lie on M N in that
order. Let P be the circumcentre of triangle AC'D. Line AP meets () again at F # A and
meets [ again at F' £ A. Let H be the orthocentre of triangle PM N. Prove that the line
through H parallel to AP is tangent to the circumcircle of triangle BEF'.



