ORMC AMC 10/12 255 WEEK 1: TRIANGLE GEOMETRY

PROBLEMS

Problem 1 (2007 AMC 12A). A triangle with side lengths in the ratio 3 : 4 : 5 is inscribed in a circle with
radius 3. What is the area of the triangle?

(A)864 (B)12 (C)57 (D) 1728  (E) 18

Problem 2 (BMT 2019). The area of right triangle ABC is 4,and hypotenuse AB is 12. Compute the
perimeter of ABC.

Problem 3 (2006 AMC 12A). The vertices of a 3 — 4 — 5 right triangle are the centers of three mutually
externally tangent circles, as shown. What is the sum of the areas of the three circles?

7

(A) 127 (]3)2577r (C) 137 (D)? (E) 147

Problem 4 (2019 AIME II). Triangle ABC has side lengths AB = 120, BC' = 220, and AC = 180. Lines
{4, 0p, and ¢ are drawn parallel to BC, AC, and AB, respectively, such that the intersections of £, (5,
and ¢ with the interior of AABC are segments of lengths 55,45, and 15, respectively. Find the perimeter
of the triangle whose sides lie on lines {4, /g, and £¢.

Problem 5 (BMT 2019). Let ABFE be a triangle with AB/3 = BE/4 = EA/5. Let D not equal to A be on
line AE such that AE = ED and D is closer to E than to A. Moreover, let C' be a point such that BCDE
is a parallelogram. Furthermore, let M be on line C'D such that AM bisects angle BAFE, and let P be the
intersection of AM and BE. Find the ratio of side PM to the perimeter of ABE.
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Problem 6 (2023 AMC 12B). Triangle ABC has side lengths in arithmetic progression, and the smallest
side has length 6. If the triangle has an angle of 120°, what is the area of ABC?

(A) 12v3 (B)8/6 (C)14v2 (D) 20v2 (E) 15V3

Problem 7 (2015 AIME II). Triangle ABC has side lengths AB = 12, BC' = 25, and CA = 17. Rectangle
PQRS has vertex P on AB, vertex Q on AC, and vertices R and S on BC. In terms of the side length
PQ = w, the area of PQRS can be expressed as the quadratic polynomial

Area(PQRS) = aw — - w?

Then the coefficient 8 = ", where m and n are relatively prime positive integers. Find m +n

Problem 8 (SCMC 2024 Fall). Let AB and CD be two parallel external tangents to circle C, such that AB
is tangent to C at A, CD is tangent to C at C, and AC does not intersect BD. If BD is also tangent to C
at a point F, AB =4, and CD = 9, then compute the area of C.

Problem 9 (2014 AIME II). Circle C with radius 2 has diameter AB. Circle D is internally tangent to
circle C at A. Circle E is internally tangent to circle C, externally tangent to circle D, and tangent to AB.
The radius of circle D is three times the radius of circle F, and can be written in the form /m — n, where
m and n are positive integers. Find m + n.

Problem 10 (2002 AMC 12A). In triangle ABC, side AC and the perpendicular bisector of BC' meet in
point D, and BD bisects ZABC. If AD =9 and DC = 7, what is the area of triangle ABD?

(A)14  (B)21  (C)28 (D)14V5  (E)28V5

Problem 11 (2016 AIME I). In AABC let I be the center of the inscribed circle, and let the bisector of
ZACB intersect AB at L. The line through C and L intersects the circumscribed circle of AABC at the

two points C' and D. If LT = 2 and LD = 3, then IC = 7%, where m and n are relatively prime positive
integers. Find m + n.

Problem 12 (2004 AMC 10B). A triangle with sides of 5, 12, and 13 has both an inscribed and a circum-
scribed circle. What is the distance between the centers of those circles?
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Problem 13 (BMT 2014 Geometry). Consider an isosceles triangle ABC (AB = BC). Let D be on BC
such that AD 1 BC and let O be a circle with diameter BC'. Suppose that segment AD intersects circle O
at B. If CA =2, what is CE?
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Problem 14 (2010 AMC 12A). Triangle ABC has AB = 2- AC. Let D and E be on AB and BC,
respectively, such that /ZBAE = ZACD. Let F be the intersection of segments AF and CD, and suppose
that ACFFE is equilateral. What is ZACB?

(A)60° (B)75°  (C)90° (D) 105°  (E) 120°

Problem 15 (2012 AMC 10B). In rectangle ABCD, AB = 6, AD = 30, and G is the midpoint of AD.
Segment AB is extended 2 units beyond B to point E, and F is the intersection of ED and BC. What is
the area of BFDG?
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Problem 16 (2015 AMC 10A). The isosceles right triangle ABC has right angle at C' and area 12.5. The
rays trisecting ZAC B intersect AB at D and E. What is the area of ACDE?

(A) 5v/2 50v/3 — 75 15v/3 50 — 25v/3 25
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Problem 17 (BMT Geometry 2013). Let AABC be a triangle. Points D, F| F' are on segments BC, CA, AB,
respectively. Suppose that AF =10, FB =10, BD =12, DC =17, CE =11, and EA = 10. Suppose that
the circumcircles of ABF D and ACED intersect again at X. Find the circumradius of AEXF.

Problem 18 (HMMT February 2019 Geometry). Isosceles triangle ABC with AB = AC is inscribed in a
unit circle Q with center O. Point D is the reflection of C across line AB. Given that DO = \/3, find the
two possible areas of triangle ABC.

Problem 19 (AIME I 2005). Triangle ABC has BC = 20. The incircle of the triangle evenly trisects the
median AD. If the area of the triangle is m+/n where m and n are integers and n is not divisible by the
square of a prime, find m + n.

Problem 20 (HMMT February 2016 Geometry). Let ABC be a triangle with incenter I, incircle v, and
circumcircle T'. Let M, N, P be the midpoints of sides BC, CA, AB respectively, and let E, F be the
tangency points of v with CA and AB, respectively. Let U,V be the intersections of line FF with lines
MN and M P, respectively, and let X be the midpoint of arc BAC of T. Given that AB = 5, AC = 8, and
/A = 60°, compute the area of triangle XUV



Homework

On a separate sheet on paper, please bring in solutions for these 5 problems to be graded and returned
to you - these will contribute towards your attendance for next week! It is okay if you do not know how to
solve all of the problems - partial progress is perfectly fine, just write down as much as you know.

Problem 21. We inscribe a circle w in equilateral triangle ABC' with radius 1. What is the area of the
region inside the triangle but outside the circle?

Problem 22. A triangle T" has all integer side lengths and at most one of its side lengths is greater than
ten. What is the largest possible area of T 7

Problem 23. If A is the area of a triangle with perimeter 1, what is the largest possible value of A2?

Problem 24. Suppose four coplanar points A, B,C, D satisfy AB = 3,BC = 4,CA = 5,andBD = 6.
Determine the maximal possible area of triangle ACD.

Problem 25. Triangle BMT has BM = 4, BT = 6, MT = 8 Point A lies on line BM and point Y lies on
line BT such that AY is parallel to MT and the center of the circle inscribed in triangle BAY lies on MT.
Compute AY.



