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1 Sheaves and divisors.

Sheaves in general. We have seen how sheaves can be defined for Pn using the standard
cover by affine charts Ui = {Xi ̸= 0}. This cover is not so special, and sheaves can be defined
for any cover in the same way (rank 1 modules over local affine pieces+gluing conditions),
even for an infinite cover (for instance Pn

C can be covered by complements of all hyperplanes
αl = {l(X0, . . . , Xn) = 0} where l : Cn+1 → C is a linear functional, there are infinitely many
elements in such a cover).

Also, sheaves can be defined on any projective variety X: take its embedding to PN and
cover X with open sets Ui∩X. The caveat here is that there are many different embeddings,
so the covers would be different. Nevertheless, you get the same sheaves. In practice, to
work with a given invertible sheaf L on X you only need some cover by affine pieces, not a
specific one.

Definition. A divisor D in the projective variety X is a formal linear combination
D =

∑
Y⊂X nY · Y , where nY ∈ Z, each Y is a codimension 1 subvariety (i.e., a zero-set of

one homogeneous polynomial for X = Pn, or just locally a zero-set of a polynomial function
in a given chart Ui), and only finitely many nY are non-zero.

Definition. The degree of divisor D =
∑
nY Y is given by

deg(D) =
∑

nY ∈ Z.

We say that D is effective if all nY are non-negative, and denote it by

D ≥ 0.

To any rational function f ∈ K(OX) (recall that any integral domain has its field of
fractions, which is obtained by adding inverses 1

r
for all non-zero elements r of the ring, in

this case of OX ; the same can be applied to local functions, and it is straightforward to see
that K(C[x]) = C(x)) we can associate its divisor of zeroes and poles, denoted by div(f).
More generally, given a sheaf L and a rational section s of L, we can associate its divisor of
zeroes and poles div(s).

Notice that any divisor D =
∑

Y⊂Pn
k
nY Y in any chart Ui (here we assume some cover

{Ui}i∈I of X) can be given by a zero-set of a rational function fi ∈ K(Oi) (this is the
notation for the ring of rational functions of variables uk/i). Indeed, each Y is a zero-set of
a polynomial P i

Y on Ui, and Y |Ui
= V (P i

Y ). Then set

fi =
∏

Y⊂Pn
k

(P i
Y )

nY . (1)

Since nY can be negative, we need to consider rational functions.

Definition. The sheaf O(D) associated with a given divisor is given by:

(1) O(D)i = {f ∈ K(Oi) | f · fi ∈ Oi}, or in other words, the set of rational functions
with poles not worse than fi, or in other words:

div(f) + div(fi) = div(f) +D|Ui
≥ 0 (2)
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(2) gluing maps
ψij : O(D)j|Uij

→ O(D)i|Uij
,

ψij(f) = f · fj
fi
.

Definition. Two divisors D1 and D2 are said to be linearly equivalent if there exist a
rational function f on X such that D1 = D2 + div(f).

Facts about O(D).

(a) Let s be a rational section of O(D). If s is locally given by f , then in this chart we
have

div(s) = div(f) +D.

There is a canonical rational section sD of O(D) given in each chart by fi ≡ 1. Clearly,

div(sD) = D.

(b) Theorem. There is a bijection between classes of divisors up to linear equivalence
and invertible sheaves up to isomorphism:

D
1:1←→ O(D).

To any invertible sheaf L one assigns D(L, s) = div(s) for arbitrary rational section s
of L. In particular, (a) shows that such an assignment for O(D) recovers D.

(c) We have shown earlier that invertible sheaves form a group Pic(X) under taking tensor
products. We also showed that

Pic(Pn) ∼= Z.
Notice that by the above theorem, Pic(X) is isomorphic to the group of divisors with
the operation of addition. Indeed, sD1 ⊗ sD2 is a section of O(D1)⊗O(D2) and

div(sD1 ⊗ sD2) = div(sD1) + div(sD2).

(d) For X = C a curve any divisor is just a Z-linear combination of points on C. For
C = P1 we have that

deg : Pic(P1)→ Z
is an isomorphism. Hence, any sheaf is isomorphic to O(n) := O(n · p) for some p ∈ P1

and n ∈ Z.
In particular, given a divisor D with deg(D) = 0 it is always equal to div(f) for some
rational function f on P1.

For instance, if D = a− b for a, b ̸=∞ we can take f = z−a
z−b

where z is the coordinate
on the standard affine chart U0 (one needs to check that this function does not have a
zero/pole at infinity). The claim in full generality is not a hard exercise; try solving it.

(e) We can define L(D) for any invertible sheaf L in a similar manner, replacing OX with
L. Locally, its sections are the sections of L with poles not worse than D. It holds
that

L(D) = L ⊗OX(D).
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2 Ampleness.

Definition. A sheaf L on X is said to be basepoint-free if there is no basepoint p ∈ X.
A point p ∈ X is a basepoint if any global section s ∈ H0(X,L) vanishes at p: s(p) = 0.

Maps to PN . Let

h0(X,L) := dimH0(X,L) = N + 1 > 0

and L is basepoint free. Pick a basis s0, . . . , sN of H0(X,L). We define a map

φL : X → PN , (3)

x 7→ [s0(x) : · · · : sN(x)].

Notice that sj(x) can be treated as an element of C in a local chart upon picking a local
trivialization of L|U = e · OU where sj|U = fj · e and hence sj(x) = fj(x). This, of course,
depends on the choice of trivialization, but this ambiguity does not affect the well-definedness
of the map (3) (why?).

Notice that PN = P(H0(X,L)∨), as evaluation at a point x ∈ X gives a linear functional
from H0(X,L) to the fiber Lx

∼= C of L at x. We have the following dualization map

P(H0(X,L)∨) ∼= GrN−1(H
0(X,L)), (4)

x = [X0 : · · · : XN ] 7→ αX = {[Y0 : · · · : YN ] | X0Y0 + · · ·+XNYN = 0}, (5)

i.e., x is sent to the hyperplane “orthogonal” to the line corresponding to x. Hence, we
may also think of φL as the map sending x to the hyperplane spanned by sections vanishing
at x (indeed any section in this dual hyperplane is given by s = a0s0 + . . . aNsN with
s(x) = a0s0(x) + · · ·+ aNsn(x) = 0).

Definition. A sheaf L is called very ample if φL is an embedding (i.e., it has nonzero
derivative everywhere and it is injective). A sheaf L is ample if there is n > 0 such that
L⊗n is very ample.

Theorem 1 ( Criterion of very ampleness.). 1. An invertible sheaf L on a curve C is
basepoint-free if and only if for any point p ∈ C it holds that

h0(C,L)− h0(C,L(−p)) > 0.

2. A basepoint-free sheaf L is very-ample if and only if it separates points and tangents,
i.e. for any two points p, q ∈ C:

h0(C,L)− h0(C,L(−p− q)) = 2.

Fact: It holds that φ∗
LOPN (1) = L. This implies that φL embeds X as a degree deg(L)

hypersurface.
Indeed, the function X0 on PN is a section of O(1), clearly the number of times the

hyperplane {X0 = 0} intersects φL(X) is equal to the number of zeroes of X0|φL(X) ≡ s0,
since s0 is exactly the pullback of X0.
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3 Canonical line bundle.

There is a very special line bundle on each projective variety denoted by KX . Formally, it
is defined as the top exterior power of the cotangent sheaf T∨

X (this sheaf is only invertible
when X is 1-dimensional). For X = C a curve, this is simply a sheaf of 1-forms on C.

Example. KP1 . Consider local coordinates x on U0 and y = 1/x on U1. The 1-form dx
is a rational section of KP1 (it has a pole at ∞). By change of variables dx = −dy

y2
, so it has

a pole of order 2 at ∞. Hence deg(KP1) = −2, implying

KP1
∼= O(−2).

More generally,
KPn ∼= OPn(−n− 1).

4 Serre’s duality, Riemann-Roch, Riemann-Hurwitz.

4.1 Serre’s duality for curves.

Any sheaf L admits a notion of cohomology H∗(X,L) (these are vector spaces) for ∗ any
nonnegative integer, such that H0(X,L) is a vector space of global sections. We are not
going to define them. We notice that for any curve C the only nontrivial cohomology groups
are H0(C,L) and H1(C,L). The following results will help us better understand H1(C,L).
Recall that L∨ is the dual sheaf of L satisfying L ⊗ L∨ = O.

Theorem 2. For any curve C and any invertible sheaf L there are nondegenerate pairings:

H0(C,L)⊗H1(C,KC ⊗ L∨)→ C = H1(C,KC), (6)

H1(C,L)⊗H0(C,KC ⊗ L∨)→ C = H1(C,KC). (7)

Existence of such pairings implies existence of isomorphisms

H1(C,L)∨ ∼= H0(C,KC ⊗ L∨), H0(C,L)∨ ∼= H1(C,KC ⊗ L∨),

and we also have h0(C,KC ⊗ L∨) = h1(C,L).

Definition. The genus g(C) of the curve C is defined to be

g(C) := h0(C,KC) = h1(C,OC).

4.2 Riemann-Roch Theorem.

Theorem 3.
h0(C,L)− h1(C,L) = degL − g(C) + 1,

or in other words

h0(C,L)− h0(C,KC ⊗ L∨) = degL − g(C) + 1.

Corollary. The following holds: deg(KC) = 2g − 2.
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4.3 Riemann-Hurwitz Theorem.

Consider a smooth map between two smooth curves f : X → Y . We say that p ∈ X is a
ramification point if df(p) = 0. We denote by ep the order of vanishing of f at p (notice that
locally any algebraic map is given by z 7→ zep · P (z) with P (0) ̸= 0). We say that

R =
∑
p∈X

(ep − 1)p

is the ramification divisor of f . We denote by deg(f) the number of points in the preimage
of a generic point y ∈ Y .

Theorem 4. It holds that
KX = f ∗KY +R.

Taking degrees, we get

2g(X)− 2 = deg(f) · (2g(Y )− 2) + deg(R).

5 Exercises.

Problem 1. 1. Prove the corollary of the Riemann-Roch Theorem.

2. Show that an invertible sheaf L on a curve C of negative degree does not admit a
global section.

3. Assume that deg(L) ≥ 2g − 1. Show that

h0(C,L) = deg(L)− g + 1.

4. Numerical criterion for basepoint freeness. Show that L is basepoint free if
deg(L) ≥ 2g.
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Problem 2. 1. Find genus of P1.

2. Consider a curve C in P2 which in the affine chart Z ̸= 0 for coordinate [X : Y : Z] is
given by equation

y2 = (x− a)(x− b)(x− c).
Find a degree 2 map π : C → P1. Use it to determine the genus of C.

3. Consider a genus 1 curve C and a sheaf L of degree 2. Show that φL : C → P1 is
well-defined. Hence, every genus 1 curve arises as a double-cover of P1.

4. Given a curve C of genus g > 0. Show that there is no degree 1 map from C to P1.

5. Find the genus of the curve in P2 given by

y2 = (x− a)(x− b)(x− c)(x− d)(x− e)(x− f).

Problem 3. Numerical criterion for very ampleness.

1. Show that L is very ample if deg(L) ≥ 2g(C) + 1.

2. Show that L is ample if deg(L) > 0.
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Problem 4. Classification of genus 2 curves.

1. For C with g(C) = 2 show that

h0(C,KC) = 2.

2. Show that h0(C,OC(p)) = 0 where p ∈ C is some point.

3. Show that KC is basepoint-free. Conclude that φKC
: C → P1 is a degree 2 map.

4. Let L′ be a degree 0 sheaf on C which admits a global section. Show that L′ ∼= OC .

5. Assume that L is a degree 2 sheaf with h0(C,L) = 2. Conclude that L ∼= KC .

6. Conclude that any genus 2 curve admits a unique double cover to P1 with 6 branch
points. Therefore, the moduli spaceM2 of genus 2 curves is simply the configuration
space of 3 points on P1 (notice that 3 of the 6 branched points can be assumed to be
0, 1,∞ up to isomorphism).

Problem 5. Via direct computation show that KP2
∼= O(−3).

7


