Team Contest

ORMC Math Circle

Team Contest Rules

You will receive a set of 9 problems. We will divide you into teams of about 4 students each.

Scoring

The contest is worth 100 points total:
e 90 points from the problems.

e 10 bonus points for teamwork, organization, and clear explanations.

Getting Credit for a Problem

To receive full credit, one of the instructors will come to your team and check:
e your final answer, and
e your full solution and reasoning.

Make sure your work is written clearly so someone else can follow your thinking.

Presenting Solutions

When a problem is checked, only one team member will present the solution.
However, by the end of the contest:

e Every team member must present at least one problem.

If someone on your team does not present any solution, your team will lose points at the end of
the contest.
Good luck, and have fun!



5 Point Problems

. In the expansion of (ax +b)

. How many positive perfect squares less than 10° are multiples of 247?

2000 wwhere a and b are relatively prime positive integers, the coefficients

of 22 and 2 are equal. Find a + b.

- Let N = 3,2 k([log 5 k] — log 5 k)

Find the remainder when N is divided by 1000. (|k] is the greatest integer less than or equal to k,
and [k]| is the least integer greater than or equal to k.)

10 Point Problems

1.

In trapezoid ABCD, leg BC is perpendicular to bases AB and CD, and diagonals AC' and BD
are perpendicular. Given that AB = /11 and AD = /1001, find BC?.

. Each unit square of a 3-by-3 unit-square grid is to be colored either blue or red. For each square,

either color is equally likely to be used. The probability of obtaining a grid that does not have a
2-by-2 red square is 7, where m and n are relatively prime positive integers. Find m + n.

. How many positive integer multiples of 1001 can be expressed in the form 107 — 10?, where i and j

are integers and 0 <17 < j <997

15 Point Problems

1.

A bug starts at a vertex of an equilateral triangle. On each move, it randomly selects one of the
two vertices where it is not currently located, and crawls along a side of the triangle to that vertex.
Given that the probability that the bug moves to its starting vertex on its tenth move is m/n,
where m and n are relatively prime positive integers, find m + n.

. A sequence is defined over non-negative integral indexes in the following way: a9 = a1 = 3,

Ant10p—1 = a% + 2007.
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Find the greatest integer that does not exceed

. Every positive integer k£ has a unique factorial base expansion (fi, f2, f3,..., fm), meaning that

k=1 fi+2!- fo+3! fg+---+m!- f,, where each f; is an integer, 0 < f; < i, and 0 < f,,,. Given
that (f1, f2, f3, ..., fj) is the factorial base expansion of 16!—32!+4+48!—64!4-- - - +1968! —1984!4-2000!,
find the value of fi — fo+ f3 — fa+ -+ (=1)7TL f;.



