ORMC AMC 10/12 25S WEEK 10: FINAL CLASS!

INTRODUCTION

Scoring: The problems in each set are worth 3+ 2,2+ x, 1+ z, z points (where z is the set number). Please
submit your answers on a separate sheet of paper. You can assign your point values to whatever submissions
you feel most confident in - however, note that any problem you answer incorrectly will result in negative
points equivalent to the floor of half of the value of that question.

For example, if you correctly solve the questions you value at points 4, 2, 1 and incorrectly solve the question
of point value 3, you will receive a total of 4 +2 4+ 1 — L%J = 6 points.

Do not begin until you are instructed

Date: April 2025.



SET 1

Problem 1. A line that passes through the origin intersects both the line x = 1 and the line y = 1 + ?w
The three lines create an equilateral triangle. The perimeter of the triangle can be represented as a + by/a.
Find the value of a + b.

Problem 2. In the figure below, IV congruent semicircles are drawn along a diameter of a large semicircle,
with their diameters covering the diameter of the large semicircle with no overlap. Let A be the combined
area of the small semicircles and B be the area of the region inside the large semicircle but outside the small
semicircles. The ratio A : B is 1:18. What is N?

Problem 3. Find the number of positive integers n less than 10000 such that there are more 4’s in the
digits of n 4+ 1 than in the digits of n.

Problem 4. Three distinct integers are chosen uniformly at random from the set
2021, 2022, 2023, 2024, 2025, 2026, 2027, 2028, 2029, 2030.

Compute the probability that their arithmetic mean is an integer.



SET 2

Problem 5. We call a time on a 12 hour digital clock nice if the sum of the minutes digits is equal to the
hour. For example, 10:55, 3:12, and 5:05 are nice times. How many nice times occur during the course of
one day? (We do not consider times of the form 00:XX.)

Problem 6. There exists a unique real value of = such that
(z + /x)* = 16.

Compute x.

Problem 7. Rectangle Ry has sides of lengths 3 and 4. Rectangles Ry, Ro, and R3 are formed such that
all four rectangles share a common vertex P, for each n = 1,2, 3 one side of R,, is a diagonal of R, _1, and
for each n = 1,2, 3 the opposite side of R,, passes through a vertex of R, _; such that the center of R, is
located counterclockwise of the center of R, _; with respect to P. Compute the total area covered by the
union of the four rectangles.
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Problem 8. Positive integers a, b, and ¢ are all powers of k for some positive integer k. It is known that
the equation
az? —br4+c=0

has exactly one real solution r, and this value r is less than 100. Compute the maximum possible value of r.



SET 3

Problem 9. Let x1, s, ..., 22022 be nonzero real numbers. Suppose that

<0

T +
Th41

for each 1 < k < 2022, where x5023 = 1. Compute the maximum possible number of integers 1 < n < 2022
such that z,, > 0.

Problem 10. Compute the sum of all 2-digit prime numbers p such that there exists a prime number ¢ for
which
100q +p

is a perfect square.

Problem 11. Given a positive integer k, let ||k|| denote the absolute difference between k and the nearest

perfect square. For example, ||13|| = 3 since the nearest perfect square to 13 is 16. Compute the smallest
positive integer n such that

[+ 020+ + il

- =

100.

Problem 12. Michel starts with the string HMMT. An operation consists of either replacing an occurrence
of H with HM, replacing an occurrence of MM with MOM, or replacing an occurrence of T with MT. For
example, the two strings that can be reached after one operation are HMMMT and HMOMT. Compute the
number of distinct strings Michel can obtain after exactly 10 operations.



SET 4

Problem 13. Five cards labeled 1,3,5,7,9 are laid in a row in that order, forming the five-digit number
13579 when read from left to right. A swap consists of picking two distinct cards, and then swapping them.
After three swaps, the cards form a new five-digit number n when read from left to right. Compute the
expected value of n.

Problem 14 (2011 AIME I). A cube with side length 10 is suspended above a plane. The vertex closest

to the plane is labeled A. The three vertices adjacent to vertex A are at heights 10, 11, and 12 above the
r—+/s

t

plane. The distance from vertex A to the plane can be expressed as , where 7, s, and t are positive

integers. Find r + s + t.

Problem 15. A regular octahedron has side length 1. A plane parallel to two of its opposite faces cuts

the octahedron into the two congruent solids. The polygon formed by the intersection of the plane and the
octahedron has area “T\/E, where a, b, and ¢ are positive integers, a and c are relatively prime, and b is not

divisible by the square of any prime. What is a + b 4 ¢?

Problem 16. Compute the number of positive integers that divide at least two of the integers in the set
{11, 22’ 33’ 447 557 66, 77, 88, 99’ 101(]}.



SET 5

Problem 17 (SMT 2021). Consider sequences that consist of 0’s and 1’s. The probability that a random
sequence of length 2021 contains an equal number of occurrences of ‘01’ and ‘10" is 7* where m, n are positive,
relatively prime integers. Find m + n.

Problem 18 (SMT 2021). Alice and Bob play a game in which they take turns rolling a fair die. The
winner of a round is the first player to roll a 6. Whoever loses rolls first in the next round. Alice rolls first in
round 1. The probability that Alice rolls first in round 4 is %7 where A and B are relatively prime, positive
integers. Find A + B.

Problem 19 (SMT 2019). The numbers 1, 2, ..., 13 are written down, one at a time, in a random order.
What is the probability that at no time during this process the sum of all written numbers is divisible by 37

a3b3+1
a3+b3

Problem 20. Let a and b be positive integers satisfying 2+ < % The maximum possible value of

a-+b
is g, where p and ¢ are relatively prime positive integers. Find p + ¢.



