
AMC 8 Training: Circle Theorems

Charles Breeden

Warm Up Given 2 points A and B in the plane, prove that every point on the perpendicular bisector
of segment AB is the same distance from A as it is from B.

Warm Up Suppose that points A, B, and C are not collinear. Prove that there exists a circle that
has A, B, and C on its edge. It might be helpful to look at the following diagram:

If you have a triangle △ABC, the circle that goes through A, B, and C is called the circumcircle
of △ABC. The center of the circumcircle is called the circumcenter of △ABC. The radius of the
circumcircle is called the circumradius of △ABC.

1 Inscribed Angles

It turns out that some interesting things happen with angles when we draw triangles inside circles. More
specifically, if you draw a triangle △ABC with circumcenter O, ∡COB = 2∡CAB,∡AOC = 2∡ABC,
and ∡BOA = 2∡BCA. This is known as the Inscribed Angle Theorem.
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Problem 1.1.

(a) Lets say α = ∡CAO, and β = ∡BAO. What is ∡AOC in terms of α? What is ∡BOA in terms
of β?

(b) What is ∡COB in terms of α and β? What is ∡COB in terms of ∡CAB?

With the previous problem, we have proven the Inscribed Angle Theorem.

Problem 1.2 (Thales’ Theorem).

(a) Suppose △ABC has circumcircle ω. If 90◦ = ∡CAB, show that BC is a diameter of ω

(b) If BC is a diameter of ω, show that 90◦ = ∡CAB.

Problem 1.3. Find the area of △ABC, which has circumradius 2

2 Power of a Point

Problem 2.1.

(a) Given the setup shown below, prove that ∡CDE = ∡BAE, and ∡DCE = ∡ABE.
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(b) In the above setup, prove that △CDE ∼ △BAE.

(c) Show that DE · EB = AE · EC.

Problem 2.2.

(a) Given the setup shown below, prove that ∡FAC = ∡FDB.

(b) In the above setup, prove that △FDB ∼ △FAC.

(c) Show that FC · FD = FB · FA.

Problem 2.3. Prove that, in the setups of Problem 4 and Problem 5, EC · EA = |d2 − r2|, where d
is the distance between E and the center of the circle, and r is the radius of the circle. Hint: it may
help to draw a line passing through E and the center of the circle.
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Problem 2.4. In the setup shown below, CD = 3, DB = 4, and ED = 6. What is the area of
quadrilateral CFBE?

Problem 2.5. In the setup shown below, PO = 2, and OA = 4. What is PB?

3 Tangents to a Circle

A tangent to a circle is a line that only intersects a circle at 1 point. One such tangent is shown below.
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In the above setup, the angle between the tangent line and the corresponding radius of the circle
is 90◦. This is true of any tangent to a circle.

Problem 3.1. Prove that, in the setup below, PA = PB.

Problem 3.2 (Alternate Segment Theorem).

(a) In the setup below, what is ∡COB in terms of ∡CAB?
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(b) Show that ∡CAB = ∡BCL

4 Practice

Problem 4.1. In the setup below, BX = 4, AX = 3, and CD = 8. What are CX and DX?

Problem 4.2. In the setup below, AD = 5, AB = 6, and BC = 3. What is DC?

6



Problem 4.3 (AMC 10A, 2022, Problem 15). What is the shaded area?

Problem 4.4. If the radius of the semicircle is 10, what is the shaded area of the two squares?

Problem 4.5 (Prasolov, Plane Geometry). In the setup below, LJ = 4. What are JM,NK, and, KO?
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Problem 4.6 (Prasolov, Plane Geometry). In the setup below, show that ∡KFL = 90◦.

Problem 4.7 (Prasolov, Plane Geometry). In the setup below, show that the area of the triangle
is equal to the area of the shaded lunes.

Problem 4.8 (Prasolov, Plane Geometry). In the following figure, ∡A = 56◦. What is ∡BOC?

5 Homework

Please write up your solutions to the following problems. Your writeups will be collected at the start
of the next class.

1. Second Warm Up

2. Problem 1.1

3. Problem 2.3

4. Problem 3.2

5. Problem 4.2

6. Problem 4.6

7. Problem 4.8
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