AMC 8 Training: Recursion and Geometry in

Combinatorics
Connor Zhao

1 Counting Diagonals

Definition. A diagonal in a polygon is a line segment connecting two non-adjacent vertices.

Problem 1.1.

Problem 1.2.

Problem 1.3.

Problem 1.4.

Problem 1.5.

Problem 1.6.

Problem 1.7.

Problem 1.8.

How many diagonals does a pentagon have?
How many diagonals does a hexagon have?
How many diagonals does a heptagon have?

Pick one vertex as your “home base.” From there, how many diagonals can
you draw in an n-gon?

Use Problem 1.4 to derive a formula for the total number of diagonals in an
n-gon (be careful about double counting).

How many diagonals does a decagon have?
A polygon has 44 diagonals. How many sides does the polygon have?

A polygon has three times as many diagonals as sides. How many sides does
the polygon have?

2 Counting Rectangles

Problem 2.1.

How many rectangles are in the 2 x 3 grid above?
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Problem 2.2. In the 3 x 4 grid above, find the number of rectangles. Then find the number
of squares.

Problem 2.3. Can you find a general way to count the rectangles in an m x n grid? (Notice
the grid is really made of lines, not squares. A rectangle is determined by
choosing two vertical lines and two horizontal lines.)

Problem 2.4. How many rectangles are in a 5 x 7 grid?

Problem 2.5. A grid has 5 rows and 150 rectangles in total. How many columns does the
grid have?

Problem 2.6. How many rectangles that are not squares are in the 4 x 5 grid above?

3 Recursion and Counting Paths

3.1 Recursion on a Staircase Definition. A recursion defines a quantity using smaller
values of the same quantity.

Let f(n) be the number of ways to climb n steps if you may take 1 or 2 steps.
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Problem 3.1. Find f(0), f(1), and f(2).

Problem 3.2. Explain why f(n) = f(n —1) + f(n — 2).

Problem 3.3. Compute f(3), f(4), f(5), f(6).

Problem 3.4. Now suppose you may take 1, 2, or 3 steps at a time. Write a recursion and
compute the number of ways to climb 5 steps.

3.2 Recursion on a Grid Let P(a,b) be the number of shortest paths from (0,0) to (a,b)
moving only right or up.

Problem 3.5. What are P(0,b) and P(a,0)?

Problem 3.6. Explain why P(a,b) = P(a —1,b) + P(a,b—1).
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Problem 3.7. Use a table to compute P(3,4).

3.3 Direct Counting A shortest path from (0,0) to (m,n) uses exactly m right moves
and n up moves.

To count such paths, choose which m of the m 4+ n moves are right moves:

m—+n
m
Problem 3.8. How many shortest paths are there from (0,0) to (6,7)?

Problem 3.9. How many shortest paths from (0,0) to (6,7) pass through (3,4)?

Problem 3.10. How many shortest paths from (0,0) to (6,7) avoid (3,4)?

4 Mixed Problems and Homework

4.1 Mixed Practice

Problem 4.1. A polygon has as many diagonals as there are ways to choose 3 students from
7 students. How many sides does the polygon have?

4



Problem 4.2. How many rectangles in a 6 X 6 grid are not squares?

Problem 4.3. How many shortest paths from (0,0) to (6,6) pass through at least one of the

points (2, 3) or (4,2)?

Problem 4.4. Define a,, = a,,—1 + 2a,_» with ag = 1, a; = 1. Find ag.

Problem 4.5. (Challenge) How many shortest paths from (0, 0) to (6,6) never rise above the

line y = 7

4.2 Homework Show full reasoning and work. We will collect these problems in class next

week.

HW 1.

HW 2.

HW 3.

HW 4.

HW 5.

n(n—3)
2

Prove carefully that the number of diagonals in an n-gon is

m+1) (n+1) )

Prove carefully that the number of rectangles in an m x n grid is ( ) N

A grid has 5 rows and 150 rectangles in total. How many columns does the grid
have?

How many shortest paths from (0,0) to (7,7) pass through both (2,3) and (5,6)7

A staircase allows steps of size 1 or 3 only. Let b, be the number of ways to climb n
steps. (a) Write a recursion. (b) Compute bs.



