ORMC AMC 10/12 26W WEEK 7: EXPECTED VALUE AND MARKOV CHAINS

PROBLEMS

Problem 1 (Example). At MOP, there are n people, each of who has a name tag. We shuffle the name
tags and randomly give each person one of the name tags. Let S be the number of people who receive their
own name tag. Prove that the expected value of S is 1.

Problem 2 (2006 AMC 10A). A player pays $5 to play a game. A die is rolled. If the number on the die is
odd, the game is lost. If the number on the die is even, the die is rolled again. In this case the player wins
if the second number matches the first and loses otherwise. How much should the player win if the game is
fair? (In a fair game the probability of winning times the amount won is what the player should pay.)

(A)12  (B)30  (C)50 (D)60  (E) 100

Problem 3 (Prince). You flip a fair coin repeatedly. The game ends when you get two heads in a row.
What is the expected number of flips to end the game?

Problem 4 (Prince). A frog jumps randomly between the integers 0 to 5 on a number line. It starts at
position 3. Each second, it jumps to either adjacent integer. If the frog reaches position 0 or 5, it stops.
What is the expected number of jumps until the frog stops?

Problem 5 (2021 Fall AMC 12). A school has 100 students and 5 teachers. In the first period, each student
is taking one class, and each teacher is teaching one class. The enrollments in the classes are 50, 20, 20, 5,
and 5. Let ¢ be the average value obtained if a teacher is picked at random and the number of students in
their class is noted. Let s be the average value obtained if a student was picked at random and the number
of students in their class, including the student, is noted. What is ¢ — s?

(A) 185 (B)-135 (C)0 (D)135 (E)185

Problem 6 (1985 AIME). Let A, B, C and D be the vertices of a regular tetrahedron, each of whose edges
measures 1 meter. A bug, starting from vertex A, observes the following rule: at each vertex it chooses one
of the three edges meeting at that vertex, each edge being equally likely to be chosen, and crawls along that
edge to the vertex at its opposite end. Let p = =55 be the probability that the bug is at vertex A when it
has crawled exactly 7 meters. Find the value of n.

Problem 7. Alice, Bob, and Carol play a game in which each of them chooses a real number between 0 and
1. The winner of the game is the one whose number is between the numbers chosen by the other two players.
Alice announces that she will choose her number uniformly at random from all the numbers between 0 and
1

1, and Bob announces that he will choose his number uniformly at random from all the numbers between 5

and % Armed with this information, what number should Carol choose to maximize her chance of winning?

Date: Feb 2026.
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Problem 8 (AMC 10 2021). Raashan, Sylvia, and Ted play the following game. Each starts with 1. A bell
rings every 15 seconds, at which time each of the players who currently have money simultaneously chooses
one of the other two players independently and at random and gives 1 to that player. What is the probability
that after the bell has rung 2019 times, each player will have 1?7 (For example, Raashan and Ted may each
decide to give 1 to Sylvia, and Sylvia may decide to give her dollar to Ted, at which point Raashan will
have 0, Sylvia will have 2, and Ted will have 1, and that is the end of the first round of play. In the second
round Rashaan has no money to give, but Sylvia and Ted might choose each other to give their 1 to, and
the holdings will be the same at the end of the second round.)
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Problem 9 (Mock AIME 2006-07). In his spare time, Richard Rusczyk shuffles a standard deck of 52
playing cards. He then turns the cards up one by one from the top of the deck until the third ace appears.
If the expected (average) number of cards Richard will turn up is m/n, where m and n are relatively prime
positive integers, find m + n.

Problem 10 (SMT 2019 Discrete). In your drawer you have two red socks and a blue sock. You randomly
select socks, without replacement, from the drawer. However, every time you take a sock, another blue sock
magically appears in the drawer. You stop taking socks when you have a pair of red socks. At this time, say
you have x socks total. What is the expected value of x?

Problem 11 (AMC 10). Frieda the frog begins a sequence of hops on a 3 x 3 grid of squares, moving one
square on each hop and choosing at random the direction of each hop-up, down, left, or right. She does not
hop diagonally. When the direction of a hop would take Frieda off the grid, she ”wraps around” and jumps
to the opposite edge. For example if Frieda begins in the center square and makes two hops "up”, the first
hop would place her in the top row middle square, and the second hop would cause Frieda to jump to the
opposite edge, landing in the bottom row middle square. Suppose Frieda starts from the center square, makes
at most four hops at random, and stops hopping if she lands on a corner square. What is the probability
that she reaches a corner square on one of the four hops?
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Problem 12 (2021 AIME Problem 8). An ant makes a sequence of moves on a cube where a move consists
of walking from one vertex to an adjacent vertex along an edge of the cube. Initially the ant is at a vertex
of the bottom face of the cube and chooses one of the three adjacent vertices to move to as its first move.
For all moves after the first move, the ant does not return to its previous vertex, but chooses to move to one
of the other two adjacent vertices. All choices are selected at random so that each of the possible moves is
equally likely. The probability that after exactly 8 moves that ant is at a vertex of the top face on the cube

is . where m and n are relatively prime positive integers. Find m + n.
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Problem 13 (HMMT 2022 Feb). Five cards labeled 1,3,5,7,9 are laid in a row in that order, forming the
five-digit number 13579 when read from left to right. A swap consists of picking two distinct cards, and then
swapping them. After three swaps, the cards form a new five-digit number n when read from left to right.
Compute the expected value of n.

Problem 14 (HMMT 2013 Novemeber). Gary plays the following game with a fair n-sided die whose faces
are labeled with the positive integers between 1 and n, inclusive: if n = 1, he stops; otherwise he rolls the
die and starts over with a k-sided die, where k is the number his n-sided die lands on. (In particular, if k =
1, he will stop rolling the die.) If he starts out with a 6-sided die, what is the expected number of rolls he
makes?

Problem 15 (AHSME 1989). Suppose that 7 boys and 13 girls line up in a row. Let S be the number
of places in the row where a boy and a girl are standing next to each other. For example, for the row
GBBGGGBGBGGGBGBGGBGG we have S = 12. Find the expected value of S.

Problem 16 (SMT 2022 Discrete). A classroom has 30 seats arranged into 5 rows of 6 seats. Thirty students
of distinct heights come to class every day, each sitting in a random seat. The teacher stands in front of all
the rows, and if any student seated in front of you (in the same column) is taller than you, then the teacher
cannot notice that you are playing games on your phone. What is the expected number of students who can
safely play games on their phone?

Problem 17 (AIME 2021). Let A1 A3As... A12 be a dodecagon (12-gon). Three frogs initially sit at Ay, As,

and Aj. At the end of each minute, simultaneously, each of the three frogs jumps to one of the two vertices

adjacent to its current position, chosen randomly and independently with both choices being equally likely.

All three frogs stop jumping as soon as two frogs arrive at the same vertex at the same time. The expected
m

number of minutes until the frogs stop jumping is 7, where m and n are relatively prime positive integers.
Find m + n.



