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1 Invertible sheaves

Philosophy. We would like to be able to talk about modules over the projective space, in
particular, rank 1 “modules”. Of course, one should start with modules over affine charts
and “glue them”.

Disclaimer. For all of the problems below, it is enough to solve them in the case n = 2
or n = 3. They are formulated in full generality. You do not need to solve it for any
n unless you are a big fan of indices. We also recommend revising the portion of the
previous AG packet about tensor products of modules.

Definition. An invertible sheaf L over Pn
k is the following data

(a) For each Ui there is a rank 1 free module Li overOi (i.e. Li = Oi·ei = k[u0/i, . . . , un/i]·ei
for a basis element ei).

(b) Set Li|Uij
= Li ⊗Oi

(Oi)uj/i
= (Li)uj/i

(following the previous remark, what is this
isomorphic to?). There are invertible gluing maps for each pair (i, j) ∈ [n]× [n]

ψij : Lj|Uij

∼−→ Li|Uij
(1)

such that
ψij(fej) = φij(f) · ψij(ej)

for any f ∈ (Oj)ui/j
. Here

φij : (Oi)uj/i
→ (Oj)ui/j

is the isomorphism between these rings (that we have seen before) induced by

uk/i 7→ uk/i ·
xi
xj

= uk/j, u
±1
j/i 7→ u∓1

i/j.

(c) Cocycle condition on all triple overlaps Uijk = Ui ∩ Uj ∩ Uk should be satisfied, i.e.

ψjk ◦ ψij = ψik. (2)

Definition. The collection of local sections {si}ni=1 is said to be a global section if

ψij(si|Uij
) = sj.

Problem 1. (a) Show that collection Li = Oi provides a natural sheaf OPn
k
. It is called

the structure sheaf.

(b) Show that the space of global sections of a sheaf L is a vector space over k. It is
denoted Γ(L). Show that Γ(OPn

k
) is 1-dimensional vector space.
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Problem 2. Show that providing a sheaf on Pn
k is equivalent to picking a collection of

transition functions gij ∈ O×
ij of invertible functions on overlaps Uij, such that

1) gii = 1, 2) gijgji = 1, 3) gijgjk = gik in OUijk
.

Problem 3. (a) Use coordinate changes φij to define a sheaf. It is called OPn
k
(1).

(b) Show that OP1
k
(1) has 2-dimensional space of global sections.

(c) More generally, show that OPn
k
(1) has an (n+1)-dimensional space of of global sections.

(d) What is the geometric meaning of these sections? I.e., can you find global functions
(homogeneous polynomials) that restrict to these sections?

(e) Replace functions from the previous problem with their k-th powers to obtain OPn
k
(k) for

an arbitrary k ∈ Z.

Problem 4. (a) By looking at products of transition functions, define tensor product
operation of sheaves, i.e. L1 ⊗ L2, such that for a global section s ∈ Γ(L1) and
t ∈ Γ(L2) there is a well-defined product section st ∈ Γ(L1 ⊗ L2).

(b) Show that O(k1)⊗O(k2) ∼= O(k1 + k2).

(c) Show that invertible sheaves over Pn form a group.
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2 Sheaves and divisors.

Definition. A divisor D is a formal linear combination D =
∑

Y⊂Pn
k
nY · Y , where nY ∈ Z,

each Y is a codimension 1 subvariety (i.e., a zero-set of one homogenous polynomial), and
only finitely many of nY are not zero.

Notice that any divisor D =
∑

Y⊂Pn
k
nY Y in any chart Ui can be given by a zero-set of a

rational function fi ∈ K(Oi) (this is the notation for the ring of rational functions of variables
uk/i). Indeed, each Y is a zero-set of a homogeneous polynomial PY , and Y |Ui

= V (resi(PY )).
Then set

fi =
∏

Y⊂Pn
k

(resi(PY ))
nY . (3)

Since nY can be negative, we need to consider rational functions.

Definition. The sheaf O(D) associated with a given divisor is given by

(1) O(D)i = {f ∈ K(Oi) | f · fi ∈ Oi}, or in other words, the set of rational functions
with poles not worse than fi;

(2) gluing maps
ψij : O(D)j|Uij

→ O(D)i|Uij
,

ψij(f) = f · fj
fi
.

Problem 5. (a) Consider D = [0 : 1], where [0 : 1] ∈ P1
k. Describe the sheaf O(D)

explicitly and its global sections. Show that O(D) ∼= O(1) by looking at the transition
functions.

(b) Show that the dimension of the space of global sections Γ(O(k[0 : 1])) is equal to (k+1)
if k ≥ −1.

(c) Show that O(D) is indeed a sheaf for any divisor D in Pn
k .
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Problem 6. (a) Consider polynomial P = x0(x0 − 1)2(x0 − 3) as function on U0 ⊂ P1
k.

Extend it to a globally defined rational homogeneous function, and find its zeroes and
poles. Any such function has a form f/g for some homogeneous polynomials of the
same degree.

(b) We say that two divisors D1 and D2 are linearly equivalent if there exists a rational
homogeneous function f such that

D1 = D2 + (f).

Show that any two points p, q ∈ P1 are linearly equivalent.

(c) (Associating divisor to a sheaf.) Consider a sheaf L. Its global rational sections
are defined in the same way as the ordinary global sections, but now one allows local
functions si to be rational, i.e. si ∈ K(Oi). Show that any rational section s1 on U1

extends to a global rational section of L.

(d) Let’s treat P = x0(x0 − 1)2(x0 − 3) as a rational section of O([0 : 1]) on U0. Find
the zeroes and poles of its extension to a global rational section. Compare it with the
previous result.

(e) Given any rational section s of L we can associate the divisor D of its zeroes and poles.
Show that L ∼= O(D).

(f) Combine all the above observations to conclude that the group of invertible sheaves on
P1 is isomorphic to Z. It is called the Picard group Pic(P1).

Problem 7. (a) ConsiderD = (x20), where x0 is a homogeneous polynomial in k[x0, x1, x2]
(i.e., we are looking at a divisor in P2

k). Describe the sheaf O(D).

(b) Show that O(D) ∼= OP2(2).
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