
BAMO Training Problems

ORMC Math Circle

Problems

1. The four bottom corners of a cube are colored red, green, blue, and purple. How many ways
are there to color the top four corners of the cube so that every face has four different colored
corners?

2. An integer is called formidable if it can be written as a sum of distinct powers of 4, and
successful if it can be written as a sum of distinct powers of 6. Can 2005 be written as a sum
of a formidable number and a successful number? Prove your answer.

3. Prove that if two medians in a triangle are equal in length, then the triangle is isosceles.

4. An integer is a perfect number if and only if it is equal to the sum of all of its divisors except
itself. For example, 28 is a perfect number since 28 = 1 + 2 + 4 + 7 + 14.

Let n! denote the product 1 ·2 ·3 · · ·n, where n is a positive integer. An integer is a factorial if
and only if it is equal to n! for some positive integer n. For example, 24 is a factorial number
since 24 = 4! = 1 · 2 · 3 · 4.
Find all perfect numbers greater than 1 that are also factorials.

5. Let triangle ABC have a right angle at C, and let M be the midpoint of the hypotenuse AB.
Choose a point D on line BC so that ∠CDM measures 30◦. Prove that the segments AC
and MD have equal lengths.

6. An integer c is square-friendly if it has the following property: For every integer m, the
number m2 + 18m + c is a perfect square. (6 is not square-friendly because for m = 2, we
have (2)2 + (18)(2) + 6 = 46, and 46 is not a perfect square.)

In fact, exactly one square-friendly integer exists. Show that this is the case by doing the
following:

(a) Find a square-friendly integer, and prove that it is square-friendly.

(b) Prove that there cannot be two different square-friendly integers.

7. Suppose that 2002 numbers, each equal to 1 or −1, are written around a circle. For every two
adjacent numbers, their product is taken; it turns out that the sum of all 2002 such products
is negative. Prove that the sum of the original numbers has absolute value less than or equal
to 1000.

8. Let a, b, c, and d be positive real numbers satisfying abcd = 1. Prove that

1√
1
2 + a+ ab+ abc

+
1√

1
2 + b+ bc+ bcd

+
1√

1
2 + c+ cd+ cda

+
1√

1
2 + d+ da+ dab

≥
√
2.

1



9. Which number is larger, A or B, where
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10. In triangle △ABC, we have marked points A1 on side BC, B1 on side AC, and C1 on side
AB so that AA1 is an altitude, BB1 is a median, and CC1 is an angle bisector. It is known
that △A1B1C1 is equilateral. Prove that △ABC is equilateral too.

11. Acute triangle ABC has ∠BAC < 45◦. Point D lies in the interior of triangle ABC so that
BD = CD and ∠BDC = 4∠BAC. Point E is the reflection of C across line AB, and point
F is the reflection of B across line AC. Prove that lines AD and EF are perpendicular.

12. (IMO Shl) Prove that there exist infinitely many positive integers n such that the largest
prime divisor of n4 + n2 + 1 is equal to the largest prime divisor of (n+ 1)4 + (n+ 1)2 + 1.

Homework

1. Choose the problem you found most interesting today and rewrite its solution in your own
words.

2. Twenty-five people of different heights stand in a 5 × 5 grid of squares, with one person in
each square. We know that each row has a shortest person; suppose Ana is the tallest of
these five people. Similarly, we know that each column has a tallest person; suppose Bey is
the shortest of these five people.

Assuming Ana and Bey are not the same person, who is taller: Ana or Bey?

3. The points of the plane are colored in black and white so that whenever three vertices of
a parallelogram are the same color, the fourth vertex is that color, too. Prove that all the
points of the plane are the same color.

4. In a quadrilateral, the two segments connecting the midpoints of its opposite sides are equal
in length. Prove that the diagonals of the quadrilateral are perpendicular. (In other words,
let M,N,P, and Q be the midpoints of sides AB,BC,CD, and DA in quadrilateral ABCD.
It is known that segments MP and NQ are equal in length. Prove that AC and BD are
perpendicular.)
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