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Vector Geometry I

1 R? as a Vector Space

Last class, we learned about vector spaces and began learning properties of
vector spaces. Now let’s look at an application of vector spaces, its limi-
tations, and how we may "get around” those limitations. Let us begin by
describing our most basic elements of stereometry with R? as a vector space.

Question 1 How do you describe a point in R3? How about a line? A
plane?

For now, since we are simply treating R? as a vector space, let us define a
point as a single vector of R3, which ”points” from the origin to its location
(7). A line will then be a set containing all of the points that are the sum of
a scalar multiple of a given vector and another given vector (Given v, € R?
{U+ tw|t € R}). Can you imagine what a plane would be?

Problem 1 Write a representation of a plane in R? in set builder notation.

Problem 2 What point(s) are vector spaces when using the operations of
R3? What line(s)? What plane(s)?

Question 2 What does it mean for a vector to be in a plane in R3?

One of the primary uses of vector geometry is in physics and engineering,
where it is imperative to be able to change the frame of reference. Let us do
the simplest frame of reference change to a line: changing the origin.



Problem 3 Change the coordinates of the line
L ={(1,2,0)4+1(3,4,5)|t € R} from being relative to (0,0,0) to being relative
to point P = (a,b,c).

Now let’s directly observe where our current system breaks down.
Problem 4 Let @ = (1,2,3), let b = (2,5,6)

o Find@a+1b

o Find @ and b relative to (1,2,0)

o Find @+ b relative to (1,2,0)

o Isa+b relative to (1,2,0) the same as the sum of @ and l;, each relative
to (1,2,0) 7

We cannot treat each element of R3 as both a point and a vector while
maintaining the ability to change our frame of reference, so we must take a
new approach to representing our elements of stereometry.



2 The Affine Space

Let us restructure our approach. We will now use two ”copies” of R3, one
for our vectors, structured as a vector space, and one for our points, without
that structure. From this point on, I will use the form v = (v, vq,v3) to
represent vectors and the form P = (a, b, ¢) to represent points. We are now
unable to add points or multiply them by scalars, but it is still important for
us to be able to translate points using vectors, so let us define a translation
(denoted + for convenience) of a point as follows:

Given any point P = (a, b, ¢) and any vector 7 = (v1, va, v3), + : R3xR3 — R3
is an operation that outputs the point P + ¢ = (a + vy, b+ vq, ¢ + v3)

Problem 5 Prove the following properties of addition between points and
vectors:

e P+(=P
e P+ (V+w)=(P+7)+d

e For all points P and Q in R3, there exists a unique vector T in R® such
that P+ U =@

What we have just constructed is called an ”affine space”. These spaces are
very similar to the vector spaces you have studied for the past two classes.



Now we can represent a line as the set containing all of the points on that
line as follows {P + tv|t € R} where P is a point on that line, and ¢ is a
vector along that line. Again, can you imagine what a plane would be?

Problem 6 Write a representation of a plane in set builder notation, now
creating a set of points rather than a set of vectors.

Question 3 What does it mean for a vector to be in a plane now that we
are working in an affine space? In a line?

Question 4 What structures could be represented as affine spaces? What
points? Lines? Planes?

Now let’s revisit changing the frame of reference. After we study more Linear
Algebra, we will be able to change the basis vectors (in our case (1,0,0),
(0,1,0), and (0,0,1)) during our change in frame, but for now we will only
be able to change the origin.

Problem 7 Translate the origin of the plane {(2,4,2)+t(1,3,0)+r(2,5,6)|t €
R, € R} by the vector (6,3,2).

As is now clear, when translated, the values of a point change by addition
of the vector that points from the first origin to the second origin, and the
values of vectors do not change. This is great as we now have a consistent
way to represent points, lines, and planes in any frame with the standard
basis. Once we learn more about bases and change of basis, we will also be
able to change the elementary basis vectors of our frame as well.



3 Stereometry Time!

Now that we have a comfortable representation of our basic elements of
stereometry, we can begin solving some problems. However, in making our
representation, we made several assumptions that encompass and surpass the
necessary axioms of stereometry. Using our definitions and knowledge of the
real numbers,; let us now prove the axioms of stereometry. Numbering will
begin at six because we have five planimetry axioms that come before.

Axiom 6 If two [different] points of a line lie in a given plane, then every
point of the line lies in the given plane.

Problem 8 Prove Aziom 6.

Axiom 7 If two [different] planes have a common point, then they intersect
in a line passing through this point.

Challenge Problem 1 Prove Aziom 7.

Axiom 8 Through every three [unique points not lying on the same line,
one can draw a plane, and such a plane is unique.

Problem 9 Prove Aziom 8.



Now that we have shown the axioms of stereometry to be true in our space,
let’s prove some more axioms and build some intuition around parallels and
perpendiculars.

Problem 10 Prove that given a straight line and a point not lying on that
line, there exists a unique plane containing both the point and the line.

Problem 11 Prove that, given a line, through each point not lying on that
line there is a unique line parallel to the given line.

When two lines or planes are able to be represented using the same vector
components, we say that the same vector or vectors span that line or plane

Problem 12 Prove that parallel lines are spanned by the same vector.

Question 5 What could we prove about the vector components of two parallel
planes?

Problem 13 Given a plane and a point not lying in that plane, prove that
there exists a unique plane parallel to the given one through the given point.

Problem 14 Prove that two parallel planes are spanned by the same vectors.



4 The Dot Product and Perpendicular Lines

We now understand how to represent parallel lines and planes in our affine
space, but what about perpendiculars? To achieve this, we will use some
trigonometry and principles of planimetry. Let us begin with magnitude.
The magnitude of a vector is the shortest length from its base to its tip and
is denoted ||u]].

Problem 15 Given @ = (uy, us, us), what is the magnitude of i ?

Now let’s look at two vectors (U = (v, vq,v3) and @ = (uq, ug, uz)) and the

vector that connects them (7 — 1)

Recall the law of cosines: a? + b> — 2abcos 6 = 2.

Problem 16 Find ||U— || using law of cosines and the method found in the
previous problem.

Problem 17 What is ||U]|||d]| cos 0 equal to?

Based on this, we will define the dot product for nth dimensional vectors as a
function - : R™ x R" — R such that given @ = (wy, ..., w,) and §= (q1, ..., ¢n)

- o

w-q= Zzzl Wiqr. In three dimensions, U+ @ = viuy + voug + v3us.
Question 6 When is the dot product zero?

When two nonzero vectors have a zero dot product, we call them
"orthogonal”.

Problem 18 Prove that two intersecting lines, spanned by v and W
respectively, are perpendicular if and only if v - = 0.



Now that we have the dot product, we will use it to represent perpendic-
ular lines and planes in our affine system. This will be very useful for later
problems regarding perpendiculars.

Question 7 What statements could be made about the affine representation
of two lines that would be logically equivalent to them being perpendicular?

Problem 19 Prove that respectively perpendicular lines are spanned by re-
spectively perpendicular vectors.

Problem 20 Prove that your statement about the affine representation of

two lines from the above question is equivalent to the lines being perpendicu-
lar.

Recall that if a given line is perpendicular to two [unique| lines in a plane,
then the given line is perpendicular to the plane.

Problem 21 Given a line, spanned by a vector v, and a plane, spanned by
vectors u and w. Show that the given line is perpendicular to the given plane
if and only if U is orthogonal to both W and 4.



5 Affine and Axiomatic Approaches

Now, let us compare the affine and axiomatic approaches so we may under-
stand why we might use one or the other. In addition to the three axioms
that we proved above, let us recall the five axioms of planimetry:

Axiom 1 A straight line may be drawn between any two points.
Axiom 2 Any terminated straight line may be extended indefinitely.

Axiom 3 A circle may be drawn with any given point as center and any
given radius.

Axiom 4 All right angles are equal to one another.

And the parallel postulate we have previously proven:

Axiom 5 Given a line, through each point not lying on that line there is a
unique line parallel to the given line.

Let us begin proving things in parallel with both axiomatic and affine means.

Problem 22 Prove that if two parallel planes are intersected by a third
plane, the intersection lines are parallel. Prove first through affine means,
then by axiomatic means.
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Problem 23 Prove that two parallel lines, lying respectively in two
intersecting planes, are parallel to the intersection of these planes. Prove
first axiomatically, then through affine means.



Question 8 What seem to be the benefits of the affine approach? Of the
axiomatic approach?

Question 9 What would happen if we were to change one of Euclid’s
axtoms? What analogue is there in the affine system?

Question 10 What is the aziomatic approach good for? Can’t we just do
everything with the affine?

Typically, but not always, it is easier to solve problems using the affine
approach. However, conceptual questions are much easier to ask and answer
using an axiomatic approach. For example, let us take a look at Euclid’s
famous 5th postulate (as formulated by John Playfair):

For a line and a point not lying on the line in a plane, there exists a
unique straight line in the plane passing through the point and not meeting
the original line.

Asking, and then answering, the question, ” And what if there are two such
different lines?” led people to discovering hyperbolic geometry, instrumental
for special relativity.

6 Problems for a Prize!

Now for some more fun and challenging problems. Present solutions in both
affine and axiomatic geometries for a prize.

Challenge Problem 2 Find a line intersecting two given ones and parallel
to a third.
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Challenge Problem 3 If a given line is parallel to a given plane, it s
parallel to the intersection line of the given plane with every plane containing
the given line.

Challenge Problem 4 Prove that there is a unique line perpendicular to a
plane through a given point.

Challenge Problem 5 Prove that if a line is perpendicular to one of two
giwen parallel planes, then it is perpendicular to the other.
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