AIME Training Problems

ORMC Math Circle

Problems

1.

The expressions A =1 x2+3x4+5x6+---+37x38+39and B=1+2x3+4x5+
-+ 436 x 37 4+ 38 x 39 are obtained by writing multiplication and addition operators in an

alternating pattern between successive integers. Find the positive difference between integers
A and B.

. Two dice appear to be normal dice with their faces numbered from 1 to 6, but each dice is

weighted so that the probability of rolling the number £ is directly proportional to k. The

probability of rolling a 7 with this pair of dice is 7, where m and n are relatively prime

positive integers. Find m + n.

. For each ordered pair of real numbers (z,y) satisfying

logy (22 + y) = logy(a” + xy + Ty°)
there is a real number K such that
logs(3x + y) = logy (322 + 4xy + Ky?).

Find the product of all possible values of K.

. A moving particle starts at the point (4,4) and moves until it hits one of the coordinate axes

for the first time. When the particle is at the point (a,b), it moves at random to one of the
points (a — 1,b), (a,b — 1), or (a — 1,b — 1), each with probability %, independently of its
previous moves. The probability that it will hit the coordinate axes at (0,0) is %, where m
and n are positive integers such that m is not divisible by 3. Find m + n.

. Real numbers r and s are roots of p(x) = x3 + ax + b, and r + 4 and s — 3 are roots of

q(x) = 23 + ax + b+ 240. Find the sum of all possible values of |b|.

. In AABC let I be the center of the inscribed circle, and let the bisector of ZAC B intersect

AB at L. The line through C and L intersects the circumscribed circle of AABC at the two
points C' and D. If LI = 2 and LD = 3, then IC = g, where p and ¢ are relatively prime
positive integers. Find p + q.

Find the least positive integer n such that when 3™ is written in base 143, its two right-most
digits in base 143 are 01.

. A club consisting of 11 men and 12 women needs to choose a committee from among its

members so that the number of women on the committee is one more than the number of
men on the committee. The committee could have as few as 1 member or as many as 23
members. Let NV be the number of such committees that can be formed. Find the sum of the
prime numbers that divide V.



9. Triangle ABC has positive integer side lengths with AB = AC. Let I be the intersection
of the bisectors of /B and ZC. Suppose BI = 8. Find the smallest possible perimeter of
ANABC.

10. Let AABC be an acute triangle with circumcircle w, and let H be the intersection of the
altitudes of AABC. Suppose the tangent to the circumcircle of AHBC at H intersects w at
points X and Y with HA =3, HX =2, and HY = 6. The area of AABC can be written in
the form m+/n, where m and n are positive integers, and n is not divisible by the square of
any prime. Find m + n.

11. (EGMO) Find all functions f : Q — Q such that the equation

flaf(z) +y) = fly) +a?
holds for all rational numbers x and .

12. (IMO Shl) Let n be a positive integer relatively prime to 6. We paint the vertices of a regular
n-gon with three colours so that there is an odd number of vertices of each colour. Show that
there exists an isosceles triangle whose three vertices are of different colours.

Homework

1. Choose the problem you found most interesting today and rewrite its solution in your own
words.

2. There is a unique positive real number x such that the three numbers logg(2z),log, x, and
logy z, in that order, form a geometric progression with positive common ratio. The number
x can be written as 7, where m and n are relatively prime positive integers. Find m + n.

3. Let S be the set of positive integers N with the property that the last four digits of NV are
2020, and when the last four digits are removed, the result is a divisor of N. For example,
42,020 is in S because 4 is a divisor of 42, 020. Find the sum of all the digits of all the numbers
in S. For example, the number 42, 020 contributes 4 +2 + 0 + 2 4+ 0 = 8 to this total.

4. Let P(z) be a quadratic polynomial with complex coefficients whose 2 coefficient is 1. Sup-
pose the equation P(P(z)) = 0 has four distinct solutions, = 3,4, a,b. Find the sum of all
possible values of (a + b)?.



