AMC 8 Training: Binomial Coefficients

Charles Breeden

Throughout the packet, we’ll be using the concepts of permutations and combinations, as well as
stars and bars. If these terms seem unfamiliar to you, it may be helpful to look at the Appendix in
the back of the packet.

1 Binomial Coefficients

So far in this class, we've referred to things that look like (Z) as ”combinations.” However, they

actually have another name: they’re also called ”binomial coefficients.” This section will be dedicated
to explaining why they’re called this way, and to exploring some of their nice properties.

Problem 1.1. Explain to an instructor why (}) = (,,”,)

1.1 Pascal’s Triangle

Shown below are the first 10 rows of a mathematical object known as Pascal’s Triangle.

row 0 1

row 1 1 1

row 2 1 2 1

row 3 1 3 3 1

row 4 1 4 6 4 1

row 5 1 5 10 10 5 1

row 6 1 6 15 20 15 6 1
row 7 1 7 21 35 35 21 7 1

row 8 1 8 28 56 70 56 28 8 1
row9 1 9 36 84 126 126 84 36 9 1

Problem 1.2. Do you notice any patterns? Try to describe at least 4 patterns that you see in Pascal’s
Triangle.

You should have noticed that the edges of Pascal’s Triangle are always 1’s. Aside from that, you
may have also seen that every number is the sum of the two numbers right above it. In fact, these two
facts are enough to define Pascal’s Triangle.

From here on out, we’ll refer to the entries of Pascal’s Triangle as P(n, k), where n is a row number,
and k is an index from 0 to n.

Problem 1.3. Convince yourself that P(n, k) is the only function with these two properties:
1. P(n,0) = P(n,n)=1foralln >0
2. P(n,k)=Pn—1,k—1)+Pn—1,k), forn>land1<k<n-1

Problem 1.4. Show that P(n,1) is always n, as long as n > 0.

Problem 1.5. Show that P(n + 1,2) is always n + P(n,2). Then show that P(n + 1,2) is always
1+243+...4+n.

Problem 1.6. Show that P(n+1,2) = w = (";‘1) Hint: remember the arithmetic series formula.

Based on these observations, you might begin to suspect that P(n,k) = (Z) In fact, you’d be
right! Let’s try to prove it:



Problem 1.7. Show that (”zl) = (kfl) + (Z) for 1 < k < n — 1. Hint: You can either choose the

(n + 1)th element, or not choose it.

Problem 1.8. Show that () = (') = 1. Conclude that P(n,k) = (})

1.2 Binomial Expansions

A binomial is a polynomial with two terms connected by addition or subtraction. For example, 3z + 2y
is a binomial, and so is 4a + z. For this packet, we’ll mostly be focused on binomials of the form a + b.

Some interesting things start to happen when we raise these binomials to integer powers. Some
examples are shown below:

(a+0b)°= 1

(a+b)t= a + b

(a+b)?= a> 4+  2ab + b

(a41b)3= a®@ + 3a®b 4+ 3ab®> + b
(a+b)t= a* + 4a® + 6a%0* + 4dab® + b!
(a+0b)°=a°+ 5a*b + 10a®v? + 10a?b®> + 5ab* 4 b°

Problem 1.9. What patterns do you notice? Are they the same patterns as in Pascal’s Triangle?

You’ve probably noticed that the coefficients of the expansion of (a+b)" are the same as the entries
of Pascal’s Triangle. Let’s try to prove this!

From now on, we’ll refer to the coefficients of the expansion of (a+b)"™ as B(n, k), where B(n, k) =
the coefficient of the a”~*b* term.

Problem 1.10. Try to find the values of B(6,5), B(6,6), and B(7,6) by hand. That is, start by
expanding out (a + b)(a® + 5a*b + 10a3b? + 10a2b® + 5ab* + b°).
Do you notice any patterns?

Problem 1.11. With reference to your process during Problem 1.10, prove that:
1. B(n,0) = B(n,n) =1foralln >0
2. B(n,k)=B(n—-1,k—1)+B(n—-1,k), forn>land1 <k<n-1
Conclude that B(n, k) = P(n,k) = (}).
This gives us a really quick way to expand polynomials of the form (a 4 b)". For example:

Problem 1.12. Without multiplying any polynomials, simplify (1 + z)2, (z + 2y)7, and (1 — y)°.

2 Applications

With these tools in hand, we can begin to do some pretty interesting stuff. First of all, we may rewrite
Pascal’s Triangle like this:

row 0 (8)

row 1 ((1)) G)

fow 2 NG C

row 3 (3) (‘f) @) @)

row 4 2 1 5 3 i
ows () G G G @ 6

Also, now we can prove a pretty famous Theorem, known as the Christmas Stocking Theorem.

Example 1. Christmas Stocking Theorem: Show that (7)) + (T':l) + (TTQ) +ot (H;") = (Ttﬁ'l)

Solution.



Step 1: Use stars and bars to find the number of ways to distribute 0 items among r + 1 people.
How about 1 item among r + 1 people, or 2 items among r + 1 people? You may want to see the
Appendix if you don’t know about stars and bars.

Step 2: How many ways are there to distribute n items among r + 1 people?

Step 3: Show that there are () + (“:1) + (“:2) + e+ (TJ;”) ways to distribute at most n items
among 7 + 1 people.

Step 4: Using stars and bars, how many ways are there to distribute n items among r + 2 people?

What happens when you only look at the first » 4+ 1 people? Will they always have at most n
items in total?
Step 5t Conclude that (7) + (") + (72) 4+ ("47) = ("421)

Step 6: Look at the positions of ( ), (H'l), (7'+2), ey (H'”), and ("'+”+1) on Pascal’s Triangle. Why

o
r r r r r+1

is this called the Christmas Stocking Theorem?
Problem 2.1. Evaluate (3) + (g) + (g) + (;)

Problem 2.2. Show that (1 + 1)2926 = (20026) + (20126) + (20226) + ot (3832). What does this tell us

about the sums of rows in Pascal’s Triangle?
Problem 2.3. Show that (*}°) + (*%°) + - + (50o0) = (%) + (*%°) + .. + (o)
Problem 2.4. Show that (*%°) + (*%°) + - + (5050) = 2202

Problem 2.5. Show that 1- (*9%°) +2- (*%%) + - +2026 - (3070) = 2026 - 220%

Problem 2.6. How many ways are there to choose 3n elements from the set {1,2,3}, where n is an
integer? How many ways are there to choose 3n elements from {1,2, 3,4, 5,6}, or {1,2,3,4,5,6,7,8,9}?
Do you notice a pattern?

Problem 2.7. Show that ((30k> + ()4 (5) ot (i) + (gﬁ)) - ((31k> + () + () ot (31352)) ==+l

Problem 2.8. What is (20025) + (20325) + (20625) + ...+ (;8;2)7

3 Homework

For homework, please write down your solutions to the following Problems:
e 1.3
o 1.7
e 1.11
e Example 1, Step 5
e 2.8

4 Appendix

Reminder. The fundamental principle of counting states that if there are A ways to do something,
and B ways to do something after that, then the number of ways to do the first thing then the second
thing is A - B.



4.1 Permutations

Permutations are tools used to answer questions of the form ”If you have n things, how many ways
are there to arrange k of them?”

Example 2. If you have 6 pens, how many ways are there for you to arrange 3 of them in order?
Solution.

Step 1: How many options are there for which pen to put first?

Step 2: How many options are there for which pen to put second, after you pick out the first?
Step 3: How many options are there for which pen to put last, after you pick out the first two?
Step 4: Given your prior answers, how many ways are there to arrange 3 of the pens?

Step 5: How would your answer to this question change if you were asked to arrange 4 of your 6
pens, or 3 of your 7 pens?

Step 6: How would your answer to this question change if you were asked to arrange k of your n
pens?

In general, if you have n things, the number of ways to order k of them is ”n permute k,” or , Pj.
Through the example, you have shown that , Py is given by this equation:

2nPe=n-n—-1)-n=-2)- .. - (n—k+2)n—k+1)

Problem 4.1. In your own words, explain why the formula for ,, Py is correct to an instructor.

4.2 Combinations

Combinations are tools used to answer questions of the form ”If you have n things, how many ways
are there to choose k of them?” A key word here is choose; it tells us that we don’t care about how
our elements are ordered. To see what this means, let’s work through another example.

Example 3. If you have 7 letters, ABCDEFG, how many ways are there for you to choose 3 of them?
Solution.
Step 1: Using permutations, how many ways are there to arrange 3 of the 7 letters?

Step 2: How many of the 3 letter arrangements from Step 1 are rearrangements of ABC?

Step 3: Does your answer to Step 2 change if we count how many 3 letter arrangements are rear-
rangements of DEA, or CDG?

Step 4: Given your prior answers, how many times larger is 7P; than the solution to Example 27
Step 5: What is the solution to Example 27

Step 6: How would your answer to this question change if you were asked to choose 3 letters from
a set of 5 letters, or 4 letters from a set of 6 letters?

Step 7: How would your answer to this question change if you were asked to choose k letters from
a set of n letters?

In general, we denote ”the number of ways to choose k elements from n elements” as (Z), or ’n
choose k”. Through Example 2, you should have derived a general formula like this:

n _ nPk:
k) # of ways to rearrange k elements

To figure out how many ways you can rearrange k elements, we can just use permutations again;
it is g Pk, by definition. So our formula turns into:

m\ _nlk
k)~ b

Problem 4.2. In your own words, explain why the formula for (k) is correct to an instructor.



4.3 Stars and Bars

The Stars and Bars method helps us count the number of ways to distribute identical objects into
boxes. Think of “stars” as objects (like candies or coins) and “bars” as dividers between groups.

Example 4. How many ways can you give 5 identical candies to 3 children?

Solution. We can represent each candy as a star (x) and each division between children as a bar (]).
For example, the arrangement
*x | x| %

means the first child gets 2 candies, the second gets 1, and the third gets 2.
There are 5 stars and 2 bars in total, for 7 symbols. We can place the 2 bars anywhere among the

7 positions.
5+3-1 7
N f = = =21
umber of ways ( 3.1 ) (2>

n—i—k—l)

Theorem 4.1. The number of ways to distribute n identical objects into k& boxes is ( 1

Problem 4.3. Prove Theorem 4.1 using Stars and Bars.
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