AIME Training Problems

ORMC Math Circle

Problems

1.

10.

11.

. Let a and b be positive integers satisfying

Positive integers a and b satisfy the condition

10g2(10g2a(logzb@looo))) =0.

Find the sum of all possible values of a + b.

. A triangle has vertices A(0,0), B(12,0), and C(8,10). The probability that a randomly

chosen point inside the triangle is closer to vertex B than to either vertex A or vertex C can
be written as g, where p and q are relatively prime positive integers. Find p + q.

. Find the number of positive integers less than or equal to 2017 whose base-three representation

contains no digit equal to 0.

. In equilateral AABC let points D and E trisect BC. Then sin(/DAE) can be expressed in

the form aTb, where a and c are relatively prime positive integers, and b is an integer that is

not divisible by the square of any prime. Find a 4+ b+ c.

. There is a prime number p such that 16p + 1 is the cube of a positive integer. Find p

. Find the number of second-degree polynomials f(z) with integer coefficients and integer zeros

for which f(0) = 2010.

Let a19 = 10, and for each positive integer n > 10 let a,, = 100a,_1 + n. Find the least
positive n > 10 such that a, is a multiple of 99.

. A hexagon that is inscribed in a circle has side lengths 22, 22, 20, 22, 22, and 20 in that order.

The radius of the circle can be written as p + /¢, where p and ¢ are positive integers. Find
p+q.

a®b3+1
a3+b3

ab+l _ 3 . .
oty < 3. The maximum possible value of

is g, where p and q are relatively prime positive integers. Find p + q.

Let f(z) be a third-degree polynomial with real coefficients satisfying

FDI =@ =) =[fG) = f(6)] = [f(T)] = 12.
Find | f(0)].
(EGMO) A plane has a special point O called the origin. Let P be a set of 2021 points in the
plane such that no three points in P lie on a line and no two points in P lie on a line through

the origin. A triangle with vertices in P is fat if O is strictly inside the triangle. Find the
maximum number of fat triangles.



12. (BMO) Let P be the set of all prime numbers. Find all functions f : P — P such that:

)@+ = f(g)/ @ +p1

holds for all p, q € P.

Homework

1. Choose the problem you found most interesting today and rewrite its solution in your own
words.

2. Triangle ABC' has side lengths AB = 7, BC = 8, and CA = 9. Circle w; passes through B
and is tangent to line AC' at A. Circle ws passes through C' and is tangent to line AB at A.
Let K be the intersection of circles wy and wy not equal to A. Then AK = 7, where m and
n are relatively prime positive integers. Find m + n.

3. The sum of all positive integers m such that %" is a perfect square can be written as
20305¢7911¢13f | where a,b, ¢, d, e, and f are positive integers. Find a +b+c+d + e + f.

4. The vertices of a regular nonagon (9-sided polygon) are to be labeled with the digits 1 through
9 in such a way that the sum of the numbers on every three consecutive vertices is a multiple of
3. Two acceptable arrangements are considered to be indistinguishable if one can be obtained
from the other by rotating the nonagon in the plane. Find the number of distinguishable
acceptable arrangements.



