ORMC AMC 1/25/26 WINTER WEEK 3: GEOMETRY

1. OVERVIEW

(1) Triangle Similarity. Given two triangles AABC and ADEF, we have AABC ~ ADEF if:

Angle-Angle: ZA=/D, /B=/FE

. . |[AB|  |AC|
de-Angle-Side: —— = +———, LA=/4D
Side-Angle-Side \DE| ~ |DE|’

|AB| |BC| |AC|

i do-Side_Side: _ _
Side—Side-Side DE| EF| IDF|

If AABC ~ ADEF, then:

[AB| _ |BC| _ |AC| _
|DE| |EF| |DF|

k, /A=/D, /B=/E, /C=/F

All corresponding lengths scale by k. The ratio of areas is

[ABC]

[DEF]:k?

Triangle conventions for Items (2)—(6): AABC with |BC| = a, |[CA| =, |AB| = ¢, and circumradius R.

(2) Angle Bisector Theorem. In triangle AABC, let point D lie on segment BC so that segment
AD bisects angle ZBAC. Define m = |BD| and n = |DC| (so m +n = |BC| = a). Then

c b
m n

(3) Law of Sines.
a b c

= = = 2
sinA sinB sinC R

(4) Law of Cosines.
a® =b* + ¢ — 2bccos A

(5) Heron’s Formula.

[ABC] = \/s(s — a)(s — b)(s — ¢), § = atbte

(6) Stewart’s Theorem. In AABC, let D lie on BC with |BD| = n, |DC| = m so that m +n = a,
and let d = |[AD|. Then

man + dad = bmb + cnc.

Date: January 2026.



(7) Mass Points & Centroid. Work in tﬂingle AAiC’. Assign masses ma, mp, mc at vertices
A, B,C, respectively. For points D on AB, E on BC, and F on CA placed on the sides, the
balancing relations are

|AC‘ - mp
ICB|  ma’
|AD| - mp |BE‘ - mqc |CF| o ma
IDB|  ma’ |EC| mp’ |FA  mc’
Centroid fact (medians). If D, E, F are the midpoints of BC, C'A, AB, then the medians AD, BE, CF
concur at the centroid GG, and on median AD we have

|AG|:|GD| =2:1.

mgo =ma +mp,

(8) Power of a Point. Let a circle be given and let P be a fixed point.
Chord—Chord (left figure). Chords AD and BC intersect at the interior point P. Then

\PA|-|PD| = |PB| - |PC|.

Secant—Secant (middle figure). From the external point P, one secant meets the circle at A
(nearer) and D (farther), and another secant meets at C' (nearer) and B (farther). Then

|PA|-|PD| = |PC|-|PB| (external x whole on each secant).

Tangent-Secant (right figure). From P, PA is tangent at A; a secant meets the circle at C' (nearer)
and B (farther). Then

|PA]> = |PC|-|PB].

P P
A'C AL \¢ A(D), c
| D
B
D B B

(9) Cyclic Quadrilaterals A quadrilateral is cyclic if all four vertices lie on a circle.
e Opposite angles sum to 180°:

LA+ /£C =B+ 4D =180°

e When we draw the diagonals of a cyclic quadrilateral, we form four pairs of equal angles like
the pair shown below. These angles are equal because they are inscribed angles which subtend

D
C

B

the same arc. We have such a pair of equal angles for each side of the quadrilateral:

LABD = ZACD LACB =/ZADB
£LBAC = ZBDC ZLCBD = £ZCAD



(10) Brahmagupta’s Formula (Area). For a cyclic quadrilateral with sides a, b, ¢, d:
b d
K=VE=aE=b6-a6—d, s=""70

(11) Ptolemy’s Theorem. For any cyclic quadrilateral ABCD (vertices in order) with diagonals AC
and BD,

|AC|-|BD| = |AB|-|CD| + |BC|-|AD,|.

A



2. PROBLEMS

Problem 1. (2014 AMC 12A #10) Three congruent isosceles triangles are constructed with their bases on
the sides of an equilateral triangle of side length 1. The sum of the areas of the three isosceles triangles is
the same as the area of the equilateral triangle. What is the length of one of the two congruent sides of one
of the isosceles triangles?

Problem 2. (2019 AMC 10B #8) The figure below shows a square and four equilateral triangles, with
each triangle having a side lying on a side of the square, such that each triangle has side length 2 and the
third vertices of the triangles meet at the center of the square. The region inside the square but outside the
triangles is shaded. What is the area of the shaded region?

Problem 3. (2015 AMC 10A #19) The isosceles right triangle ABC has right angle at C' and area 12.5.
The rays trisecting ZACB intersect AB at D and E. What is the area of ACDE?

Problem 4. (2021 AMC 10A #13) What is the volume of tetrahedron ABC'D with edge lengths AB = 2,
AC =3, AD = 4, BC = /13, BD = 2/5, and CD = 5? (Hint: The volume of a pyramid with base area B
and height h is $Bh.)

Problem 5. (2012 AMC 10A #15) Three unit squares and two line segments connecting two pairs of ver-
tices are shown. What is the area of AABC?

A B




Problem 6. (2018 AMC 10A #15) Two circles of radius 5 are externally tangent to each other and are
internally tangent to a circle of radius 13 at points A and B, as shown in the diagram. The distance AB

can be written in the form 7, where m and n are relatively prime positive integers. What is m +n?

Problem 7. (2018 AMC 10A #16) Right triangle ABC has leg lengths AB = 20 and BC = 21. Including
AB and BC, how many line segments with integer length can be drawn from vertex B to a point on hy-
potenuse AC'?

Problem 8. (2013 AMC 12A #11) Triangle ABC is equilateral with AB = 1. Points £/ and G are on AC
and points D and F' are on AB such that both DE and F'G are parallel to BC. Furthermore, triangle ADFE
and trapezoids DFGE and FBCG all have the same perimeter. What is DE + FG?

Problem 9. (2017 AMC 10B #15) Rectangle ABC'D has AB = 3 and BC = 4. Point E is the foot of the
perpendicular from B to diagonal AC. What is the area of AAED?

Problem 10. (2021 AMC 12B #14) Let ABCD be a rectangle and let DM be a segment perpendicular
to the plane of ABC'D. Suppose that DM has integer length, and the lengths of M A, MC', and M B are
consecutive odd positive integers (in this order). What is the volume of pyramid M ABCD?




Problem 11. (2022 AMC 10B #16) The diagram below shows a rectangle with side lengths 4 and 8 and a
square with side length 5. Three vertices of the square lie on three different sides of the rectangle, as shown.
What is the area of the region inside both the square and the rectangle?

Problem 12. (2021 AMC 10B #21) A square piece of paper has side length 1 and vertices A, B,C, and D
in that order. As shown in the figure, the paper is folded so that vertex C' meets edge AD at point C’, and
edge BC intersects edge AB at point E. Suppose that C'D = % What is the perimeter of triangle AAEC’?

Problem 13. (2018 AMC 10A #23) Farmer Pythagoras has a field in the shape of a right triangle. The
right triangle’s legs have lengths 3 and 4 units. In the corner where those sides meet at a right angle, he
leaves a small unplanted square S so that from the air it looks like the right angle symbol. The rest of the
field is planted. The shortest distance from S to the hypotenuse is 2 units. What fraction of the field is
planted?

Problem 14. (2014 AMC 10A #23) A rectangular piece of paper whose length is v/3 times the width has
area A. The paper is divided into three equal sections along the opposite lengths, and then a dotted line is
drawn from the first divider to the second divider on the opposite side as shown. The paper is then folded
flat along this dotted line to create a new shape with area B. What is the ratio %?

Problem 15. (2002 AMC 12B #20) Let AXOY be a right-angled triangle with mZXOY = 90°. Let M
and N be the midpoints of legs OX and OY, respectively. Given that XN = 19 and Y M = 22, find XY



Problem 16. (2015 AMC 12A #20) Isosceles triangles T and 7" are not congruent but have the same area
and the same perimeter. The sides of T' have lengths 5,5, and 8, while those of T” have lengths a, a, and b.
Find b.

Problem 17. (2001 AIME I #4) In triangle ABC, angles A and B measure 60 degrees and 45 degrees,
respectively. The bisector of angle A intersects BC at T, and AT = 24. The area of triangle ABC can be
written in the form a + by/c, where a, b, and ¢ are positive integers, and c is not divisible by the square of
any prime. Find a + b + c.

Problem 18. (2011 AIME I #4) In triangle ABC, AB = 125, AC = 117 and BC' = 120. The angle bisector
of angle A intersects BC at point L, and the angle bisector of angle B intersects AC at point K. Let M
and N be the feet of the perpendiculars from C to BK and AL, respectively. Find M N.

Problem 19. (2019 AIME I #6) In convex quadrilateral KLMN side MN is perpendicular to diagonal
KM, side KL is perpendicular to diagonal LN, M N = 65, and KL = 28. The line through L perpendicular
to side KN intersects diagonal KM at O with KO = 8. Find MO.

Problem 20. (2023 AIME II #9) Circles w; and wo intersect at two points P and @, and their common
tangent line closer to P intersects w; and wo at points A and B, respectively. The line parallel to AB
that passes through P intersects w; and wsy for the second time at points X and Y, respectively. Suppose
PX =10, PY = 14, and PQ = 5. Then the area of trapezoid X ABY is m+/n, where m and n are positive
integers and n is not divisible by the square of any prime. Find m + n.

Problem 21. (2015 AIME II #7) Triangle ABC has side lengths AB = 12, BC = 25, and CA = 17.
Rectangle PQRS has vertex P on AB, vertex Q on AC, and vertices R and S on BC. In terms of the side
length PQ = w, the area of PQRS can be expressed as the quadratic polynomial

Area(PQRS) = aw — fw?.

Then the coefficient 3 = 7, where m and n are relatively prime positive integers. Find m + n.



