AIME Training Problems

Problems

10.

11.

. Find the number of ordered pairs of positive integers (m,n) such that m?n = 20%.

. Find the number of subsets of {1,2,3,4,5,6,7,8} that are subsets of neither {1,2,3,4,5} nor

{4,5,6,7,8}

. Let P be a point chosen uniformly at random in the interior of the unit square with vertices

at (0,0),(1,0),(1,1), and (0,1). The probability that the slope of the line determined by P
and the point (%, %) is greater than or equal to % can be written as 7, where m and n are

relatively prime positive integers. Find m + n.

. Teams 11, T, T3, and Ty are in the playoffs. In the semifinal matches, T1 plays Ty, and

T5 plays T3. The winners of those two matches will play each other in the final match to
determine the champion. When T; plays T}, the probability that T; wins is ﬁj, and the
outcomes of all the matches are independent. The probability that 7T will be the champion

is %, where p and q are relatively prime positive integers. Find p + q.

. The value of x that satisfies logy: 320 = logys+s 32°2% can be written as , where m and n are

relatively prime positive integers. Find m + n.

. A triangle has vertices A(0,0), B(12,0), and C(8,10). The probability that a randomly

chosen point inside the triangle is closer to vertex B than to either vertex A or vertex C' can
be written as g, where p and ¢ are relatively prime positive integers. Find p + q.

Find the sum of all positive integers n such that v/n? + 85n + 2017 is an integer.

. A circle with radius 6 is externally tangent to a circle with radius 24. Find the area of the

triangular region bounded by the three common tangent lines of these two circles.

(9)+ () 4+ (D)

For each integer n > 3, let f(n) be the number of 3-element subsets of the vertices of a regular
n-gon that are the vertices of an isosceles triangle (including equilateral triangles). Find the
sum of all values of n such that f(n+1) = f(n) + 78.

. Find the remainder when

is divided by 1000.

(IMO Shl 2022) Let RT denote the set of positive real numbers. Find all functions f : RT —
R* such that for each z € R™, there is exactly one y € RT satisfying

zf(y) +yfle) <2



12. (IMO Shl 2019) In triangle ABC, point A; lies on side BC' and point Bj lies on side AC.
Let P and @ be points on segments AA; and BBj, respectively, such that PQ is parallel
to AB. Let Py be a point on line PBj, such that Bj lies strictly between P and Pj;, and
/PP, C = ZBAC. Similarly, let ()1 be the point on line QA;, such that A; lies strictly
between @ and @)1, and ZCQ1Q = ZCBA.

Prove that points P, Q, P;, and ()1 are concyclic.
Homework
1. Choose the problem you found most interesting today and rewrite its solution in your own
words.
2. Find the sum of all positive integers n such that when 12 + 23 4+ 33 + ... 4 n3 is divided by

n + 5, the remainder is 17.



