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Calculus is a branch of mathematics that studies change, slopes, and optimization using ideas such as
derivatives. While it is a powerful tool, many important questions about “largest” and “smallest” values can
be understood without it.

The problems in this collection are inspired/taken from the classic book Mazima and Minima without Calculus
by Ivan Niven, which emphasizes solving extremal problems using algebra, inequalities, symmetry, and logical
reasoning rather than formal calculus techniques. The goal is not to avoid calculus, but to recognize that
many optimization problems reveal their structure more clearly through elementary methods.

These problems encourage students to think deeply about why extreme values occur, how equality plays a
central role, and how ideas from inequalities naturally lead to solutions. The focus is on insight, elegance, and
reasoning—developing mathematical intuition that remains valuable even when calculus is later introduced.

Problem Set: Understanding Inequalities

a. Let a =7 and b = 4.

Circle all true statements:
a>b, a—b>0, b<a, b—a<0

b. Let a =5 and b = 5.

Decide which of the following are true:

c. For each sentence, write two equivalent mathematical statements.
1. “The temperature today is higher than yesterday.”

2. “Your score is at least the passing score.”

d. Complete each sentence so it is always true:

1. If a > b, then a — b is

2. If b—a <0, then a is than b.

3. Ifa>b, then b—ais or




d. True or False (Explain Your Reasoning)
Let a and b be real numbers.

1. If a—b>0, then b—a < 0.

2. If a>b, then a —b > 0.

3. If b<a, thena—5b2>0.

Problem Set: Understanding Maximum and Minimum

a. Suppose max(4,7,1) = 7.

e Write all inequalities that must be true.

Now suppose someone claims that max(4,7,1) = 4.
e Is this possible?

e Which inequality fails?

b. Find min(3,-2,5,0).

e Write all inequalities that justify your answer.

e What inequalities would need to be true if 0 were the minimum? Explain why this is not possible.

c. Write each sentence using max or min notation.

1. “The tallest student is 170 cm among heights 160, 165,170, 168.”

2. “The coldest temperature this week was —5°C.”

3. “The smallest test score was 62.”



d. True or False (Explain Your Reasoning)

Let aq,as,...,a, be real numbers.
1. If max(aq,...,a,) = a;, then a; must be strictly larger than all others.
2. If min(aq,...,a,) = ak, then ay < a; for all i.

3. The maximum and minimum of a list must always be different.
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4. The word “maximum” means “greater than or equal to all others,” not just “greater than.’

e. You are told that
az > ay, a3 =>a, az > as.

1. What can you conclude about max(ay, az,as,as)?

2. Could another number also be equal to the maximum? Give an example.

Problem: Maxima and Minima with Infinite Sets of Real Numbers
A set has a maximum or a minimum only if the extreme value is included.
True or False?
1. If a and b are any given real numbers with a < b, the set of numbers x satisfying
a<z<b

has neither a maximum nor a minimum.



2. The notation [a,b) denotes the interval consisting of all numbers z satisfying
a<z<bh.

This set has a minimum a, but no maximum.

3. The set of x satisfying
a<z<b

is denoted by (a,b]. In this case, the set has a maximum b, but no minimum.

Problems: Squares, Negatives, and Reciprocals

1. Consider the function
f(z) =9+ 2% — 2.

(a) Show that f(x) =8 + (z — 1)
(b) What is the minimum value of f(z)?

(¢) For which value of x does this minimum occur?

2. Define a new function g(z) = —f(z).
(a) Write g(x) explicitly.
(b) What is the maximum value of g(z)?

(¢) Explain why the maximum of g equals the negative of the minimum of f.

3. Without graphing, find the minimum value of:
(a) 90 + 22 — 2z
(b) 900 + 1022 — 20x

4. What do you notice about:
e how the constant term affects the minimum value?

e how multiplying the entire expression changes the minimum?

5. Explain why the expression

9+ 2% — 2
is always positive for all real x.
6. Let
h(z) = 1
942222

(a) When is the denominator as small as possible?
(b) When is h(z) as large as possible?

(¢) Find the maximum value of h(z).



7. True or False (justify):

. 1 L
e The maximum of —— occurs when f(x) is minimized.

f()

8. Suppose f(z) is a function that has a minimum value of m > 0.

(a) What is the maximum value of —f(z)?

1
(b) What is the maximum value of ——7

f(x)

(c) Why is the condition m > 0 important?

9. Find the maximum value of )

22 — 62+ 10°

10. Explain why a quadratic function with a positive 22 coefficient must have a minimum but no maximum.

Problem: Inequalities and Operations
Let a, b, c,d, and k be positive real numbers such that
a>b and c¢>d.

Let n be any positive integer.

In each statement below, fill in the correct inequality sign (<, <, >, or >) so that the statement is
always true.

l.a+c____ _b+d
2. ac______bd
3.a+k __ b+k
4. ak bk

5. ¢c+k__  d+k
6. ck dk
7.7 pt

8. ¢t 47t

9. a™ ___b"™

10. ¢™ 4"

11. a'/m __ plm
12. ¢t/m  gin



Problem Set: Absolute Value

The absolute value of a real number r, denoted by |r|, may be defined as
|r| = max(r, —r).

An alternative definition is that

T, if r >0,
Irl = .
—r, ifr<o.

In the following problems, let a, b, ¢, and d denote positive real numbers.

A.

Does
a+b>c

imply either of the following?

1. a2 4+ b% > 2
2. Va+ Vb >/

B.

Given the information
a+b>c+d, a>b and c>d,

does this imply any of the following? Give a proof or a counterexample in each case.

l.a>c
2. a>d

3. b>c



4. b>d

C.
Find
max(a, a?)
and
max(v/a + Vb, Va +b).
D.

Which of the following, if any, hold for all real numbers r, s, and ¢7

1.

[max(r, s,t)]* = max(r?, s%, %)
2.

[max(r, s,t)]* = max(r®, s*, %)
3.

| max(r, s, t)| = max(|r|, |s|, |t])



Problem: Sums and Products

1. Find two positive numbers whose sum is 60 and whose product is as large as possible.

2. Find three positive numbers whose sum is 60 and whose product is as large as possible.

3. Find four positive numbers whose sum is 60 and whose product is as large as possible.

4. Find two positive numbers whose product is 64 and whose sum is as small as possible.

5. Find three positive numbers whose product is 64 and whose sum is as small as possible.

6. Consider the sum of any positive real number and its reciprocal. Prove that the least value of this sum
is 2.



7. Let a and b be positive constants. Find the least value of
ar + —
T

for all positive numbers z.

8. Let a, b, and ¢ be positive constants. Among all real numbers x and y satisfying
ax + by = c,

find the maximum value of the product zy.

9. Let a, b, and ¢ be positive constants. For all positive numbers x and y with product ¢, find the minimum
value of
azx + by.

10. If a, b, and ¢ are real numbers, not all equal, prove that

a® + b2+ > ab+ ac+ be.

11. Find the real number that exceeds its square by the largest amount.



12. If z,y,r, s are any real numbers satisfying
22+y?>=1 and r?+s2=1,

find the maximum of
xr + ys.

13. Find the largest possible value of zy if x and y are subject to the condition

20z + y = 180.

14. A heavy trailer-truck makes a regular highway trip of 400 miles at almost constant speed. The vehicle
laws require that the speed be not less than 35 and not more than 55 miles per hour. The truck burns
fuel at a rate of

gallons per hour at a speed of = miles per hour. If the cost of the fuel is k dollars per gallon, and the
driver’s wages are 8k dollars per hour, at what speed should the truck be driven to minimize the total
cost of the trip, including fuel costs and driver’s wages?
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