ORMC AMC 1/18/26 WINTER WEEK 2: NUMBER THEORY PART 1

1. GENERAL COMPETITION TECHNIQUES

Bases. A base is a way to write integers using powers of an integer b > 2. Our normal counting system is
base 10. This is why we have digits

0,1,2,...,9
and then the next number (which is the 11th number b/c we count 0) becomes
10.

Notation and meaning. In a base-b number, the position of each digit tells you which power of b it
multiplies. Starting from the rightmost digit and moving left, the places correspond to

b0, b, b2, b3, L.
so the rightmost digit is the “ones” place (b°), the next digit is the “b’s” place (b'), then the “b?’s” place,
and so on. Often, problems will use multiple bases. The following notation is used to symbolize which base
a number is in:

(akak—1---aiao)p,
this means that the digit ao is in the % place, a1 is in the b' place, and in general a; is in the b* place.
Equivalently,

(arap_1---a1ag)y = apb® + ap_1b* 1 4+ 4 a1b! + aob®.
The subscript “,” specifies the base.
Example 1. The string of digits “1022” represents different values depending on the base. In base 3,
(1022)3 =1-3*+0-32+2-3" +2.3%
Here (in base 10) 10223 = 1 x 32 + 0 x 32 +2 x 3! +2 x 3°.
Definition 2. Let b > 2 be an integer. Every nonnegative integer N can be written uniquely in the form
N = (agag—1 - arag)p.

This simply means that any integer always has an expression in any base > 2 and that expression is always unique.

Modular Arithmetic. Z denotes the set of all integers {...,—2,—1,0,1,2,...}, and R denotes the set of
real numbers.

Definition 3 (Congruence). For integers z,y and a positive integer p, the notation z = y (mod p) means
that « and y have the same remainder upon division by p. Equivalently, p | (x — y): the two numbers must
differ by a multiple of p.

In modular arithmetic, properties of addition and multiplication, such as associativity, commutativity,
and distributivity, work as usual. As everyone in the class hopefully understands, subtraction is addition
with the additive inverse, so it follows from the addition law as well. Division behaves differently.

Definition 4 (Division rules). If ka = kb (mod kp), then a = b (mod p). Ged(a,p) = 1 if and only if there
exists an integer a~! (the multiplicative inverse of a modulo p) such that aa™' =a"'a=1 (mod p). If a~!
exists, we say a is invertible, and such inverses are unique.

Theorem 5 (Fermat’s Little Theorem). If p is prime and ged(a,p) = 1, then
a* ' =1 (mod p).
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Definition 6 (Euler’s totient function ¢(n)). Let ¢(m) be the number of integers in {1,2,...,m — 1} that
are relatively prime to m. If gcd(a, m) = 1, then

a®™ =1 (mod m).

Theorem 7 (Formula for ¢(n)). Ifn = Hle pst s the prime factorization of n, then
i 1
o(n) = nH (1 - ) and in particular ¢(p°) = p® —p°~ L.
. Y2
i=1

Theorem 8 (Wilson’s Theorem). For a prime p,
(p—1!'=-1 (mod p).

Power Cycles (a™ mod p). Modular arithmetic is just keeping track of remainders after division by p. So
instead of caring about the exact (often huge) value of a™, we only care about where it lands in the remainder
set

{0,1,2,...,p—1}.

A power cycle is the repeating pattern you get when you compute the remainders of

modulo p.

Definition 9 (Order and the cycle length). Let p > 2 be an integer and assume ged(a,p) = 1. The order
of a modulo p is the smallest positive integer ¢ such that

a'=1 (mod p).
This integer ¢ is the length of the power cycle for a modulo p.
Example 10 (Power cycle of 2" mod 7). Compute powers of 2, reducing each time mod T7:
2' =2 (mod 7)
22 =4 (mod 7)
22=8=1 (mod 7).
So the cycle is
2,4,1,2, 4,1, ...
and the order of 2 modulo 7 is t = 3.
Using the cycle to simplify a large exponent. If the order of a modulo p is ¢, then
a'=1 (mod p).
So adding multiples of ¢ to the exponent does not change the value mod p:
a"t'=a"a' =a"-1=a" (mod p),

Equivalently, if ny = ns (mod t) then

ny — no

a" =a (mod p).

Example 11. Since the order of 2 modulo 7 is 3, then 2100 = 2100med 3 — 91 =9 (;med 7).

Definition 12 (Prime modulus structure). If p is prime and a Z 0 (mod p), then the powers of a modulo
p repeat, and the order of a divides p — 1.

Definition 13 (Chinese Remainder Theorem). Let n1,na, ..., ni be a set of pairwise relatively prime natural
numbers, and let by, bs,...,by € Z. Put N = nins...ny , the product of the moduli. Then there is a unique
2 (mod N) such that z = b; (mod n;) for all 1 < i < k.
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Example 14. Find z, if possible, such that 2z =5 (mod 7), and 3z =4 (mod 8)

Solution. First note that 2 has an inverse modulo 7, namely 4. So we can write the first equivalence
as ¢ = 45 = 6 (mod 7). Hence, we have that = 6 + 7k for some k. Now we can substitute this in for the
second equivalence:
3x =4 (mod 8)
3(64+7k) =4 (mod 8)
18+21k=4 (mod 8)
2+5k=4 (mod 8)
5k =2 (mod 8)

Recalling that 5 has an inverse modulo 8, namely 5, we thus obtain kK = 10 = 2 (mod 8). Hence, we have
that k = 2 + 8 for some j. Plugging this back in for x, we have that x =6 + 7k = 6 + 7(2 + 8j) = 20 + 567
for some j. In fact, any choice of j will work here. Hence, we have that x is a solution to the system of
congruences if and only if x =20 (mod 56)

Solving Diophante Equations. There is no set algorithm to solve most diophante equations - simple ones
of the form azy+ bz +cy = d, can be solved using Simon’s Favorite Factoring Trick, which is a relatively well
known method. Provided below are one examples of more complicated uses of Simon’s Favorite Factoring
Trick, and in the problem set you will need this technique on Problem’s 10 and 16.

Definition 15 (Simon’s Favorite Factoring Trick). Given we have an equation zy + jz + ky = a, where j,
k, and a are integer constants. Simon’s Favorite Factoring Trick states that this equation can be factored
into the equation
(z+k)(y+J) =a+jk
For example, xy + 66z — 88y = 23333 is the same as:
(x — 88)(y + 66) = (23333) + (—88)(66)

Problem 1. If kn + 54k + 2n + 108 has a remainder of 3 when divided by 5, and k has a remainder of 1
when divided by 5, find the value of the remainder when n is divided by 5.



2. PROBLEMS

Problem 2 (2016 AMC 8 P24). The digits 1, 2, 3, 4, and 5 are each used once to write a five-digit number
PQRST. The three-digit number PQR is divisible by 4, the three-digit number QRS is divisible by 5, and
the three-digit number RST is divisible by 3. What is P?

(A)1 (B)2 (C)3 (D)4 (E)5

Problem 3 (2019 AMC 10A P9). What is the greatest three-digit positive integer n for which the sum of
the first n positive integers is not a divisor of the product of the first n positive integers?

(A) 995  (B) 996 (C)997 (D) 998  (E) 999

Problem 4 (BMT 2021 Discrete). Compute the sum of all positive integers n such that n™ has 325 positive
integer divisors. (For example, 4* = 256 has 9 positive integer divisors: 1,2,4,8,16, 32,64, 128, 256.)

Problem 5 (BMT 2020 Discrete). Compute the remainder when 98! is divided by 101

Problem 6 (BMT Discrete 2019). Let
2110 = p (mod 1111)

with 0 <n < 1111. Compute n.

Problem 7 (2018 AMC 10B P19). Joey and Chloe and their daughter Zoe all have the same birthday. Joey
is 1 year older than Chloe, and Zoe is exactly 1 year old today. Today is the first of the 9 birthdays on which
Chloe’s age will be an integral multiple of Zoe’s age. What will be the sum of the two digits of Joey’s age
the next time his age is a multiple of Zoe’s age?

(A)7 (B)8 (C)9 (D)10 (E)11

Problem 8 (2014 AMC 10A P20). The product (8)(888...8), where the second factor has k digits, is an
integer whose digits have a sum of 1000. What is k7

(A)901  (B)9ll  (C)919 (D)991  (E) 999

Problem 9 (BMT 2021 Discrete). For a given positive integer n, you may perform a series of steps. At each
step, you may apply an operation: you may increase your number by one, or if your number is divisible by
2, you may divide your number by 2. Let I(n) be the minimum number of operations needed to transform
the number n to 1 (for example, (1) = 0 and {(7) = 4). How many positive integers n are there such that
I(n) <127

Problem 10 (2013 AMC 10B P24). A positive integer n is nice if there is a positive integer m with exactly
four positive divisors (including 1 and m) such that the sum of the four divisors is equal to n. How many
numbers in the set {2010,2011,2012,...,2019} are nice?
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Problem 11 (AIME 1987). Find 32%y? if x and y are integers such that
y? + 32%y? = 3022 + 517

Problem 12 (BMT 2020). Let N be the number of non-empty subsets 7" of S = 1,2, 3,4, ..., 2020 satisfying
maz(T') > 1000. Compute the largest integer k such that 3k divides N.

Problem 13 (2013 AIME I P2). Find the number of five-digit positive integers, n, that satisfy the following
conditions:

(1) the number n is divisible by 5,
(2) the first and last digits of n are equal, and
(3) the sum of the digits of n is divisible by 5.

Problem 14 (2015 AIME I P3). There is a prime number p such that 16p + 1 is the cube of a positive
integer. Find p.

Problem 15 (2018 AIME I P2). The number n can be written in base 14 as a b ¢, can be written in base
15 as a ¢ b, and can be written in base 6 as a ¢ a ¢ , where a > 0. Find the base-10 representation of n.

Problem 16 (2017 AIME II P4). Find the number of positive integers less than or equal to 2017 whose
base-three representation contains no digit equal to 0.

Problem 17 (2008 AIME P8). There exist unique positive integers = and y that satisfy the equation
z? + 84z + 2008 = 3>
Find =z + y.

Problem 18 (2017 AIME II P8). Find the number of positive integers n less than 2017 such that

2 ’I’L3 ﬂ4 n5 nﬁ

n
1+n+§+§+ﬂ+§+a

is an integer.

Problem 19 (2018 AIME I P11). Find the least positive integer n such that when 3™ is written in base
143, its two right-most digits in base 143 are 01.

Problem 20 (2013 AIME I P11). Ms. Math’s kindergarten class has 16 registered students. The classroom
has a very large number, IV, of play blocks which satisfies the conditions:
(1) (a)If 16, 15, or 14 students are present in the class, then in each case all the blocks can be distributed
in equal numbers to each student, and
(2) (b) There are three integers 0 < x < y < z < 14 such that when z, y, or z students are present and
the blocks are distributed in equal numbers to each student, there are exactly three blocks left over.

Find the sum of the distinct prime divisors of the least possible value of N satisfying the above conditions.
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