
BAMO Training Problems

As BAMO is approaching, I put together the problems from the past two years for us to work
through them together.

Problems

1. Imagine a language that uses the Latin alphabet and in which all words consist of six letters.
We define the distance between any two words as follows. If the letters in the two words are

a1, a2, . . . , a6 and b1, b2, . . . , b6,

then the distance between them is the number of indices i ∈ {1, . . . , 6} such that ai ̸= bi.

For example, the distance between the two words

zmootq and zoeutq

is 3, because their letters differ in the 2nd, 3rd, and 4th positions.

(a) Find three words such that the distance between any pair of these words is exactly 2.

(b) Find three words such that the distances between the three pairs of words are 5, 4, and
3.

The words do not have to make sense in English.

2. Jessica has five distinct integers. She can form ten distinct unordered pairs of these integers.
The sums of all ten pairs are

−17, −14, −9, −6, −1, 2, 7, 12, 15, 23.

What are the five integers?

3. Fifteen balls labeled 1, 2, . . . , 15 are stored in two boxes, such that each box contains at least
two balls and the average of the numbers in one box is not equal to the average in the other
box.

Show that it is possible to move one ball from one box to the other so that either both boxes’
averages increase or both boxes’ averages decrease.

4. Let S be a finite, nonempty set of points in the plane such that for every point A ∈ S, there
exist distinct points B,C ∈ S such that

∠BAC = 125◦.

What is the smallest possible number of points in S?
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5. A string is a finite ordered sequence of one or more letters. A string is a substring of another
string if it appears as a consecutive sequence of letters inside it (a string is considered a
substring of itself).

A palindrome is a string that reads the same from left to right as from right to left.

For example, the string propeller contains 7 distinct palindromic substrings:

p, r, o, e, l, ll, elle.

What is the maximum number of distinct palindromic substrings that can appear in a string
of length 2025?

6. Dana wants to draw a circle C0 and six circles C1, C2, . . . , C6 around it such that:

• C0 is externally tangent to Ci for i = 1, 2, . . . , 6;

• Ci is externally tangent to Ci+1 for i = 1, . . . , 5, and C6 is externally tangent to C1;

• the radius of Ci is a
ni , where a > 1 and the ni are distinct non-negative integers.

Show that Dana can succeed by exhibiting a construction, or prove that no such construction
exists.

7. The integers 1, 2, 3, . . . , 101 are written on a blackboard. Sam and Nico take turns crossing
out numbers one by one, starting with Sam, until three numbers a, b, c remain.

Prove that Sam can guarantee that

ab+ bc+ ca

a2 + b2 + c2
<

8

9
.

8. A school needs to elect its president. The school has 121 students, each belonging to one of
two tribes: Geometers or Algebraists. Two candidates are running: one Geometer and one
Algebraist. The Geometers vote only for Geometers and the Algebraists only for Algebraists.
There are more Algebraists than Geometers.

The Geometers convince the school to use the following two-step procedure:

(a) The school is divided into 11 groups of 11 students. Each group elects a representative.

(b) The 11 representatives elect a president.

The Geometers also assign the students to groups. (In any stage of voting, the majority
wins.)

What is the minimum number of Geometers that guarantees the election of a Geometer as
president?

9. Sugar Station sells 44 different kinds of candies, one per box. Each box costs a positive integer
number of cents, and buying one box of each kind costs $1.51. Anna has only $0.75.

(a) Show that Anna can buy at least 22 boxes, each containing a different candy.

(b) Show that Anna can buy at least 25 boxes, each containing a different candy.
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10. Sasha wants to bake 6 cookies in an 8 inch × 8 inch square baking sheet. Using a cookie
cutter, he cuts six circular pieces of dough, each 3 inches in diameter.

Can he place all six dough circles on the baking sheet so that none of them touch each other?
If yes, show how. If no, explain why not.

11. Let Sn be the sum of the first n prime numbers. For example,

S5 = 2 + 3 + 5 + 7 + 11 = 28.

Does there exist an integer k such that

S2023 < k2 < S2024 ?

12. Find all polynomials f such that

f(3x)

f(x)
=

729(x− 3)

x− 243

for infinitely many real values of x.

13. An underground burrow consists of infinitely many rooms labeled by the integers

(. . . ,−3,−2,−1, 0, 1, 2, 3, . . . ).

Initially, some rooms contain rabbits. Each rabbit wants to be alone. Whenever a room
contains at least two rabbits (say room m), half of them (rounding down) move to room
m− 1 and half (rounding down) move to room m+1. This happens simultaneously once per
minute in all rooms with two or more rabbits.

Now suppose that initially, for each k = 0, 1, 2, . . . , 10, room k contains k+1 rabbits, and all
other rooms are empty.

(a) Show that eventually the rabbits will stop moving.

(b) Determine which rooms are occupied when this occurs.
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