Instructors: Roman Krutowski, Elias Manuelides ORMC, Advanced 3
Jackson Solheid, Nishanth Tharakan Algebraic geometry of projective spaces

1 Affine algebraic geometry

Definition. Let R be a ring (the main examples for today are rings of polynomials R =
k[z1,...,x,], where k is a field, e.g. R or C). We say that I C R is an ideal if it is closed
under addition and multiplication by elements of R, i.e., [+ C T and R-1 C I.

Problem 1. 1. Show that d-7Z C Z is an ideal.

2. Show that all polynomials f € k[zy,...,x,| divisible by a given polynomial g form an
ideal.

3. Let I and J be ideals in R. Show that I NJ, I-J, and I + J are also ideals (the first
step is to define these sets).

4. Combining two previous problems associate an ideal I = (fi,..., fx) to a finite collec-
tion of polynomials fi,..., fr € k[z1,...,2,].

5. Compute [ -J and [ + J for I = (f1,..., f) and J = (g1,...,q).

6. Let I C R for R =klxy,...,x,] be an ideal. We denote by V(I) C k™ the set of points
a = (ai,...,a,) such that for any f € I it holds that f(a) = f(ai,...,a,) = 0. We
call V(1) the zero-set of the ideal I.

Show that V(1)U V(J) =V (I-J), V()N V(J) =V +J).

7. Show that any conic in R? can be described as V(I) for some 1.

8. Given a set Z C k", we define I(Z) C k[zg,...,x,] to be the set of polynomials
vanishing on Z. Show that (Z) is an ideal.
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9. Find an example of an ideal I such that I(V ([)) # I.

10. To any ideal I C R we can associate a ring R/I by considering classes of equivalence of
elements of R up to adding elements of /. Give details of this definition and describe
klz,y]/I for [ = (z), [ = (z,y) and I = (22, zy,%?). In each case, find the dimension
of the given ring as a vector space over k.

11. Explain in what sense we can regard k[z1,...,z,]/I as a set of functions on V(I).

An affine variety is a zero-set V(I) of some ideal I C k[zy,...,z,]. One would like to
say that any affine variety is the common zero set of finitely many polynomials.

Theorem 1 (Hilbert’s basis theorem). Any ideal I in K[xq,...,x,] is finitely-generated.
Hence, there finitely many fi,..., fr € K[z1,...,x,] such that I = (f1,..., frn).

Problem 2. 1. Let us denote U(I) = k™ \ V(I) for an ideal I C k[xy,...,z,]. These
sets are called Zariski open sets. Show that they define a topology on k", i.e.

(a) 0 and k™ are Zariski open;
(b) finite intersections of Zariski open sets are Zariski open;

(c) unions (even infinite) of Zariski open sets are Zariski open.

2. Let f be an drreducible polynomial (i.e., f can not be presented as a product of two
nonconstant polynomials g and h) in R = k[zy,...,z,]. We define R; to be the ring
of rational functions of the form ]iin. Show that it is a ring.

3. Explain in what sense we can regard Ry as a ring of functions on U((f)).

4. Show that R, is isomorphic to a ring of polynomials.
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5. A module M over a ring R is an abelian group with an operation of multiplication by
elements of R satisfying

(a) (rira) -m=ry-(r2-m);
()(rl—i-rg) m=ri-m-+ry-m,
(c) 1-
Show that for any I the ring k[z1,...,x,]/I is naturally a module over k[z1, ..., x,].
6. The rank of the module is the minimum number of elements my,...,my such that

M =R-my—+---4+ R-myg. Find the ranks of the modules from the previous example.

7. The module M over R is freeif M = R& R® ---® R (k times). Show that any finite
rank module over a field k is free (what is the name for it that you already know?)

2 Projective algebraic geometry

Problem 3. Recall that P} = {[z¢:---: x,] | z; € k}/ ~ where ~ is given by simultaneous
scaling. We have a standard decomposition of the projective space into (n+ 1) affine charts

n

Py = U,

i=0
where U; = U,, = {[zo: -+ : x| € PP | & # 0},
On each Uj; there are natural coordinates
(o s w1 U1 /i3 W41 fis - - - U si) = (2 Tit Tir1 Ty
0/iy W1/is -« - -5 W(i=1)/i> W(i+1)/ir - - - Un/i Tz Y T ) ; ) 7

and we put O; = Oy, to be the set of polynomial functions on Uj, i.e.

OU_L. = k[uO/ia e 7un/z]

Denote by U;; = U;NU;. From the perspective of U;, this set is a complement of the zero-
set V(u;,i), and hence polynomial functions on it are given by (O;)u, . From the perspective
of U; we get (O;)

Wifj*
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1. For n = 2 find a natural isomorphism between
Pij - (Ol)uj/z - (Oj)ui/j'
2. Generalize the formula to arbitrary n.

We will use the notation O;; to denote the ring of functions on U;;, which is given by any of
the two isomorphic rings above.

Remark. Notice that each U,, can be treated as a set where x; does not vanish. In a
similar manner, one could define Uy for any homogeneous polynomial f, so our choice of the
cover of P" by affine charts is not canonical.

Problem 4. We say that a polynomial f € Kk[xo,...,x,] is homogeneous of degree d if it
satisfies f(Axg, ..., \z,) = A f(x,...,2,). A projective variety is a common zero-set
X =V(f1,..., fr) CP} of a finite collection of homogeneous polynomials.

1. Show that any conic can be presented as a projective variety C' C P2.

2. Assume X C P} is a projective variety. Explain how the same set can be treated as a
projective variety inside PY for arbitrary N > n.

3. Let (k[zo,...,x,])a be the set of degree d polynomials. Find a natural map
res; : (k[xo, ..., 2zn))a = Oy,

such that for any polynomial P of degree d it holds that V(P) N U; = V (res;(P)), i.e.,
the zero-set of the homogenous polynomial P within the affine chart U; is given by the
zero-set of res;(P).
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4. Consider the following affine variety X C Up. By looking at the preimages of the
corresponding polynomials, find a projective variety X C P™ such that X N Uy = X.
This variety is called projective closure.

(a) X =V(uj—ui,) CUyn=2;

(b) X = V(UQ/O — u%/O,UQ/O +U1/0 — 2), n = 27

(c) X = V(ugpo(uspo — 1), (uzjo — uig)(uzpo — 1)), n = 3.

5. Show that the set X = {[s : st? : t3] € P? | (s,t) € k*\{(0,0)}} is a projective variety.

6. Consider P"™*"™ regarded as a projectivization of the set of (n+1) x (m~+1) matrices.
Show that the set of matrices of rank at most k£ constitutes a projective subvariety.

7. Construct an algebraic map (with respect to homogeneous coordinates)
O P x P — PrmAntm

which is injective and has rank 1 matrices as its image. This map is called Segre
embedding.
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3 Tensor product

Definition. Let V and W be two vector spaces over the field k. Consider a (massive) vector
space L with basis elements v ® w for any v € V,w € W. Now consider a vector subspace R
(of relations) spanned by

L (v 4+v) QW —v; @ W — v @ w;
2. 0® (W +w2) — v @ w; — v wy;
3 M@w—ANu®w);
4. u @ M — ANu®@w).

We define the tensor product of V and W as a quotient V@ W = L/R.
Remark. In the same fashion, one defines the tensor product of two modules over a
given ring.

Problem 1. 1. Show that the map ®: V x W — V ® W given by (v,w) = v ® w is a
well-defined bilinear map (i.e., it is linear in each of the two coordinates).

2. Show that the map & satisfies the following universal property. For any bilinear map
F:V xW — Z for any vector space Z there exists a unique linear map F: VW = Z
such that

Fo®=F

Problem 2. 1. Let dimg(V) = n and dimg(W) = m. Express the dimension of the
tensor product V ® W in terms of the numbers n and m.
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2. Any rank 1 free abelian group is isomorphic to Z (by definition), but there are 2 such
isomorphisms! The choice of such an isomorphism is called orientation (note that it
would be really hard for you to explain to an alien civilization what is right and what
is left if you are only allowed to send text messages).

Given two rank 1 abelian groups O; and Os let us consider their tensor product O, ®z0,
(note that abelian groups are naturally modules over Z). Show that O; ®7 O is a rank
1 free abelian group. Show that orientations on O; and Oy induce an orientation on
01 ®z Oy. Which pairs of orientations on O; and Oy induce the same orientation on

01 ®z 057

3. Express the following tensor products of the abelian groups in more familiar terms:
ZRL/5 Z/2RZ)3,7Z/12R Z/8.



