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Divisibility

Divisibility is one of the most important concepts in number theory. For two integers a and b, a
divides b when % is an integer. a|b is mathematical shorthand for ”a divides b”.

Primes

Prime numbers have some very nice properties related to divisibility. By definition, for any prime
p, if n|p, then n = 1 or n = p. Also, for any prime p, if p|ab, then p|a or p|b. We will use these
properties to solve the following example:

Example 1. (2019 AMC 8, Problem 23) After Euclid High School’s last basketball game, it was
determined that % of the team’s points were scored by Alexa and % were scored by Brittany. Chelsea
scored 15 points. None of the other 7 team members scored more than 2 points. What was the
total number of points scored by the other 7 team members?

Solution. Let’s call the number of points scored by the team n. If Alexa scored a points, then

1 a
4 n
n =4a
Also, if Brittany scored b points, then
2 b
7 n
2 b
7 4a
8a
b
7

7 is a prime number, so if 7|8a, then 7|8 or 7|a. Clearly, 7 does not divide 8, so 7|a. In other
words, a = Tk, and therefore n = 28k. So n is a multiple of 28. The rest of the argument is outlined
in the following questions:

Step 1: At most, how many points could the other 7 team members have scored?

Step 2: Alexa scored 7 points, and Brittany scored 27" points. Can you produce an inequality
relating n to itself?

Step 3: Given the inequality from Step 2, what’s the biggest possible value of n?



Step 4: Considering that n is a multiple of 28, what is the value of n? What is the answer to
Example 17

Problem 1.1. Prove that if p is prime, a is not a multiple of p, and k is a multiple of both p and
a, then palk. (Hint: use a similar argument as the one in the Example)

Challenge (optional). If you know about relative primality, then prove the following: If a and
b are relatively prime, and k is a multiple of both a and b, then ab|k.
Counting Divisors

Every number can be written as a product of finitely many prime numbers. For example, 45 =
3-3-5=232.5. We call 325 the prime factorization of 45. Every number has exactly one prime
factorization.

Theorem 1. If the prime factorization of n is 2435570 .. then k|n if and only if k = 2¢35°7...,
where a < A,b< B,c<C,d< D...

This theorem is very useful when you’re asked to count the divisors of a number.

Problem 1.2. Using Theorem 1, show that the number of divisors of 2438570 is (A +1)(B +
D(C+1)(D+1)...

Problem 1.3. How many factors does 630 have?
We will use Theorem 1 to solve the following example.

Example 2. (2020 AMC 8, Problem 17) How many factors of 2020 have more than 3 factors? (As
an example, 12 has 6 factors, namely 1,2,3,4,6, and 12.)

Solution.

Step 1: Show that the only numbers with at most 3 factors are 1, primes, and the squares of
primes.

Step 2: How many factors of 2020 have at most 3 factors?
Step 3: How many factors does 2020 have?

Step 4: How many factors of 2020 have more than 3 factors?

Modular Arithmetic

You may have heard of division with remainder. For example, when 25 is divided by 7, the quotient
is 3, and the remainder is 4.
In modular arithmetic, we only care about remainders and disregard quotients. For example,
25 is equivalent to 4 when you consider it modulo 7. In notation, we would write 25 =4 mod 7.
In general, we write b = ¢ mod m when b = a + mk, for some integer k. We can think of
divisibility in terms of modular arithmetic:

Problem 2.1. Show that m|a is equivalent to a =0 mod m

Some AMC 8 questions can be solved just by rewriting the problem statement in terms of
modular arithmetic:



Example 3. (2025 AMC 8, Problem 6) Sekou writes the numbers 15,16, 17,18, 19. After he erases
one of his numbers, the sum of the remaining four numbers is a multiple of 4. Which number did
he erase?

Solution.

Step 1: Call the number Sekou erases x. Rewrite the condition that ”the sum of the remaining
four numbers is a multiple of 4” in terms of modular arithmetic.

Step 2: What is the remainder when you divide = by 47 Based on this, which number did Sekou
erase?

Divisibility Rules

You may know the divisibility rules for 2, 3, 5, 7, 9, and 11. It turns out that these divisibility
rules all come from modular arithmetic.

Example 4. The divisibility rule for 2 is simple: n is divisible by 2 if and only if its last digit is
even.

Solution. If the last digit of n is b, then n can be rewritten like this: n = 10a + b. Then,
n=10a+b=2-5a+b=0b mod 2, s0if n =0 mod 2, then b =0 mod 2, and vice-versa.

Problem 2.2. Prove the divisibility rule for 5.
Example 5. A number n is divisible by 9 if and only if the sum of its digits is divisible by 9.
Solution.

Step 1: What is the remainder when you divide 10 by 97 What about when you divide 100 by 97
10007 Can you generalize?

Step 2: You can write 532 as 5-100 4 3 - 10 + 2. Can you generalize?

Step 3: What would 100a+10b+c be equivalent to mod 97 Can you generalize?

Step 4: Conclude that n is divisible by 9 if and only if the sum of its digits is divisible by 9.
Problem 2.3. Using a similar strategy, find divisibility rules for 3 and 11.

Challenge (optional). Every number n can be written as 10a + b, for some integers a and b (a
can be bigger than 9). Prove that 7|n if and only if 7|(a — 2b).

Problem 2.4. Using Problem 1.1, find divisibility rules for 6, 22, 12, and 30.

Problem 2.5. (2020 AMC 8, Problem 19) A number is called *flippy* if its digits alternate between
two distinct digits. For example, 2020 and 37373 are flippy, but 3883 and 123123 are not. How
many five-digit flippy numbers are divisible by 157



Arithmetic Sequences

Arithmetic sequences are sequences of numbers that increase by a constant amount. For example,
in the arithmetic sequence 1,4,7, 10, ..., every term is 3 more than the previous one.

In general, an arithmetic sequence is of the form ag,ai,ao,as,.... In the previous example,
ag = 1,@1 = 4,a2 = 7,a3 = 10,...

Problem 3.1. In the arithmetic sequence ag, a1, as, as, ..., show that a,, = ag+rn, where r = a;—ag.

Problem 3.2. In the arithmetic sequence ag, a1, as, ag, ..., we have that ag = 1,a7 = 7. If a,, = 115,
what is n?

Problem 3.3. In the arithmetic sequence ag, a1, a2, as, ..., we have that a;; = 67 and ag = 1.
What is as?

Example 6. (2023 AMC 8, Problem 25) Fifteen integers ag, a1, as, ..., a14 are arranged in order
on a number line. The integers are equally spaced and have the property that

1<ag<10, 13<a; <20, and 241 <ayy < 250.
What is the sum of the digits of a13?
Solution.

Step 1: Rewrite a4 in terms of ag and a;.

Step 2: Using the equation you got in Step 1, find lower and upper bounds for a; — ag.

Step 3: Based on the inequalities you got in Step 2, what is the only possible value of a; — ag?
Step 4: What is ag?

Step 5: What is a13?7 What is the answer to Example 67

Sums of Arithmetic Sequences

Sometimes, we only want to know about a small section of an arithmetic sequence. For example,
you may want to know the sum of the first 5 elements of the sequence 1,4,7,.... In this section,
we’ll solve generalizations of this problem.

Problem 3.4. What is the sum of the first 5 elements of the sequence 1,4,7,...7 What is the
average of the first 5 elements? Can you rewrite the average in terms of the first and fifth elements
of the sequence?

Problem 3.5. In the arithmetic sequence ag, a1, as,as, ..., write the average of ag, a1, and as in
terms of just ag and as.

Problem 3.6. In the arithmetic sequence ag, a1, as, as, ..., write the average of ag, a1, as, ..., apn_1, an
in terms of just ag and a,,.

Problem 3.7. In the arithmetic sequence ag, a1, as,as, ..., what is ag + a1 + as + ... + ap—1 + a,?
Problem 3.8. Find the following sums:

e 1+3+54+7+9+11

e 1+5+9+13+17+21

e 2+5+8+11+14+17+ 20+ 23



Geometric Sequences

Unlike arithmetic sequences, where the difference between consecutive terms is constant, a geometric
sequence is one where the ratio between consecutive terms is constant. For example, 3,6,12,24, ...
. . . 6 _ 12 _ 24 _
is a geometric sequence, since 3 = & = 15 = 2.

Also, in general, a geometric sequence is of the form ag, ay, as, as,.... In the previous example,
apg = 3,a1 = 6,&2 = 12,&3 = 24,

Problem 4.1. In the geometric sequence ag, a1, as, as, ..., show that a,, = ag - r"*, where r = %4,
g q b b 7 ) M ) ao

Problem 4.2. In the geometric sequence ayg, a1, as, as, ..., we have that ap = 2,a1 = 6. If a,, = 162,
what is n?

Problem 4.3. In the geometric sequence ag, a1, az, as, ..., we have that a5 = 160 and ag = 5. What
is ag?

Sums of Geometric Sequences

Just like with arithmetic sequences, we’d like to find sums of geometric sequences. You've already
shown that every geometric sequence is of the form ag, agr, agr?, agr?, ..., so what we’d like to do is
find the sum ag + agr + agr? + ... + agr™ ' + agr™. The following Theorem will help us with this.
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Proof.
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Problem 4.4. Find the following sums:
e 1+3+9427+81
e 2+6+18+54

e 5410420+ 40+ 80

Putting it All Together

A large portion of AMC 8 number theory questions can be solved with a combination of the above
concepts. Here’s an example, along with some practice.



Example 7. (2025 AMC 8, Problem 23) How many four-digit numbers have all three of the
following properties?

(I) The tens and ones digits are both 9.

(IT) The number is 1 less than a perfect square.
(ITII) The number is the product of exactly two prime numbers.
Solution.

Step 1: Let’s call our four-digit number k. Translate property 1 into a statement about modular
arithmetic.

Step 2: Property 2 can be translated into "k = n? —1 for some natural number n”. Also, Property
3 can be translated into ”k = pq for some primes p, ¢”. Show that n — 1 and n + 1 must both
be prime.

Step 3: Show that n? =0 mod 100. Then show that 10|n.

Step 4: Conclude that k must be the product of 2 different primes, p and ¢, where both p and ¢
are 1 away from the same multiple of 10.

Step 5: What is the answer to Example 77

Problem 5.1. (2025 AMC 8, Problem 13) Each of the even numbers 2,4,6,...,50 is divided by
7. The remainders are recorded. The number of times each remainder appears is tallied in a
histogram. Without using brute force (don’t just divide 25 times), draw this histogram.

Problem 5.2. (2019 AMC 8, Problem 14) Isabella has 6 coupons that can be redeemed for free
ice cream cones at Pete’s Sweet Treats. In order to make the coupons last, she decides that she will
redeem one every 10 days until she has used them all. She knows that Pete’s is closed on Sundays,
but as she circles the 6 dates on her calendar, she realizes that no circled date falls on a Sunday.
On what day of the week does Isabella redeem her first coupon?

Problem 5.3. (2025 AMC 8, Problem 22) A classroom has a row of 35 coat hooks. Paulina likes
coats to be equally spaced, so that there is the same number of empty hooks before the first coat,
after the last coat, and between every coat and the next one. Suppose there is at least 1 coat and
at least 1 empty hook. How many different numbers of coats can satisfy Paulina’s pattern?

Assorted Other Problems

Number theory is a large field of study, even at the competition level. So, many problems can’t
be easily categorized and taught. For these, you will just have to do lots of practice. Here’s an
assortment of other problems to help you prepare, and a couple of general tips before you start.

1. As you may have noticed with the packet so far, oftentimes the key insight is just to translate
words into equations, inequalities, and modular arithmetic.

2. It’s a good idea to know the prime factorization of the year when you take these competition
tests. FYI, 2025 = 52 - 3%, and 2026 = 2 - 1013.



Problem 6.1. (2022 AMC 8, Problem 13) How many positive integers can fill the blank in the
sentence below?

“One positive integer is
28.7

more than twice another, and the sum of the two numbers is

Problem 6.2. (2020 AMC 8, Problem 7) How many integers between 2020 and 2400 have four
distinct digits arranged in increasing order? (For example, 2347 is one integer.)

Problem 6.3. (2019 AMC 8, Problem 7) Shauna takes five tests, each worth a maximum of 100
points. Her scores on the first three tests are 76, 94, and 87. In order to average 81 for all five
tests, what is the lowest score she could earn on one of the other two tests?

Problem 6.4. (2018 AMC 8, Problem 21) How many positive three-digit integers have a remainder
of 2 when divided by 6, a remainder of 5 when divided by 9, and a remainder of 7 when divided by
117

Problem 6.5. (2018 AMC 8, Problem 25) How many perfect cubes lie between 2% +1 and 28 +1,
inclusive?

Problem 6.6. (2017 AMC 8, Problem 1) Bethany: “And the sum of your two uniform numbers is
the date of my birthday earlier this month.” Caitlin: “That’s funny. The sum of your two uniform
numbers is the date of my birthday later this month.” Ashley: “And the sum of your two uniform
numbers is today’s date.” What number does Caitlin wear?

Problem 6.7. (2014 AMC 8, Problem 25) How many digits are in the product 4° - 5107
Problem 6.8. (2011 AMC 8, Problem 22) What is the tens digit of 72011?

Problem 6.9. (2011 AMC 8, Problem 23) How many 4-digit positive integers have four different
digits, where the leading digit is not zero, the integer is a multiple of 5, and 5 is the largest digit?

Problem 6.10. (2009 AMC 8, Problem 22) How many whole numbers between 1 and 1000 do
*not* contain the digit 17



